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Abstract 

The theoretical and practical aspects of the pseudopotential and model potential methods 

in metal physics are reviewed. We start by showing how a formal statement of the 

quantum mechanical many-body  problem of  interacting ions and valence electrons in a 

metal lead, in the self-consistent field approximation, to  the one-electron problem of 

setting up the potential energy function for the motion of a valence electron.We then 

review firstly the  various pseudopotential theories  for simple (non-transition) metals that 

began in 1959 with Phillips and Kleinmanôs introduction of the pseudopotential concept 

by re-interpretating Herringôs 1940 orthogonalized plane wave (OPW) method of energy 

band structure calculation as a (non-unitary) transformation that orthogonalizes plane 

waves to the ion core wave function. Although the OPW-pseudoptential transformation 

preserves the energy eigenvalue, it generates a generally non-unique repulsive potential 

that cancels most of the deep attractive potential of the bare ions resulting in a net weak 

effective potential which could be represented accurately enough  by a model potential of 

Heine-Abarenkov(HA) type. Secondly, we review the corresponding re-interpretation of 

the augmented plane wave (APW) method of energy band calculation for the transition 

and rare-earth metals that began in 1965 with Zimanôs  d-band resonance model in terms 

of generalized OPW-pseudopotential and transition-metal model  potential (TMMP) of 

HA type, and tabulate for the first time the TMMP form factors for 27 transition and rare-

earth metals.  Finally we review experimental verification of the pseudopotential theories 

and a critique of the problems arising from the non-unitary character of pseudopotential 

transformation and outline new vistas provided by the discipline of ñhadronic mechanicsò 

for handling non-unitarity theories among other problematic aspects leading to fruitful 

generalization of the standard (BCS) model for high-temperature superconductivity. 
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 1. GENERAL INTRODUC TION AND STATEMENT OF PROBLEM  

1.0 General Introduction 

In the past fifty years the modelling of the effective potential felt by a 

valence electron in metals and semiconductors has assumed a key position in the 

determination of the various aspects of the electronic structure of condensed 

matter. The potential has been required not only for the calculation of the energy 

band structure of the regular solid but also the phonon spectra, the structure 

around a defect, scattering probabilities and hence transport properties of the 

solid, liquid or alloy phases of condensed matter.  

In this paper, we wish to rehearse the statement of the problem before 

proceeding with the review (in Sec. 2) of the various aspects of the 

pseudopotential formalism developed by Philip and Kleinman[1] in 1959 from the 

orthogonaized plane wave (OPW) method of electronic energy band structure 

calculation introduced by Herring[2] in 1940. The popularity of the OPW method 

in the first six years (1959-1965) due to its successful application to theoretical 

and experimental understanding of the geometry of the Fermi surface of metals 

(Gold[3], Harrison[4], Heine and others[5]) climaxed with the introduction of  a 

model potential by Heine and Abarenkov[6]) which simplified the computational 

aspects and led Animalu and Heine[7] to the production of  tables of model 

potential form factors for 25 non-transition elements which were described by 

Harrison in his 1966-published book[8] as ñthe best values currently availableò.   

In Sec. 3 we shall describe the second high point dealing with the re-

interpretation of the augmented plane wave method (APW)  (Loucks[9])  as a 

phase-shift transition-metal pseudopotential method by Ziman[10] and others. 

This led to the construction of a generalized transition-metal pseudopotantial by 

Harrison [11] in 1969 and the corresponding transition-metal model potential 

(TMMP) by Animalu [12] in 1973. The form factors obtained from mainframe 

computers in ref.[12] were largely unpublished at the time but  have recently been 

recomputed on laptop with Fortran77 programme developed by Essien[13] who 

also successfully applied it to the computation of the phonon spectrum of cobalt. 

The form factors for 27 transition elements will be presented for the first time in 

this paper and the most recent application of the TMMP form factors to laptop 

computation of the phonon spectrum of cobalt will also be given. 

Finally in Sec. 4, we shall review experimental verification of the pseudopotential 

theory and a critique of  well-known formal problem of the OPW-pseudopotential 

method presently ignored by condensed matter physicists, namely the fact that the 
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pseudopotential transformation is non-unitary and therefore does not conserve 

probability. We shall highlight a new vista for resolving this problem permited by the 

discipline of ñhadronic mechanicsò with intriguing successful application to high-

temperatire superconductivity[14] and draw the attendant conclusions. 

1.1  Statement of the Problem 

The problem of setting up the potential energy function for a many-body 

quantum mechanical system has been well known from the late 1920s when it 

arose in the determination of structure of many-electron atoms in the Periodic 

Table. In the physics of metals, we are similarly dealing with a large number of 

particles ï ions and valence electrons. An ion consists of the atomic nucleus and 

the core electrons tightly bound to it. The valence electrons, more or less, form a 

Fremi gas. On a macroscopic scale the net charge of the electron gas completely 

neutralizes that of the ions so that the solid is electrically neutral. However, on a 

microscopic scale, each valence electron feels the field of the ions and the 

fluctuations in the density of the gas of other valence electrons on which the 

electronic properties of the material depend. A description of such microscopic 

processes requires setting up the potential felt by a valence electron in the 

material and solving the appropriate wave equation  for the energy eigenvalues or 

bands and the wave functions of the valence electron, subject to suitable periodic 

boundary conditions. Although the interaction between any pair of electrons or 

between an electron and a proton is known to be Coulomb in character, an exact 

solution would be extremely complicated for the 10
23

 electrons per cubic 

centimeter in a normal metal. In fact, one has to solve an N-electron equation: 
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represents the interaction of the ith and jth electrons. 

The Hartree and/or Hartree-Fock self-consistent field methods which have 

been very successful in setting up the potential due to the ions consist of writing 

(1.1.2) as the symmetrized product of one-electron wave functions, ky :        
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so that the energy, E , is then the sum of one-electron energies, kE ; the last term 

in (1.1.1) represents now the exchange and correlation interaction of the electron 

gas (Slater[15]) which is frequently denote simply byä. The long-range character 

of the exchange and correlation interactions,ä leads to an ñinfinite self-energyò 

which is the classic problem of quantum electrodynamics and quantum field 

theory. 

We shall base this review of  fifty years of pseudopotential theory on the 

following formulation of the valence electron problem in terms of the concepts of 

ñbareò and ñeffectiveò potentials. The eigenstates ky  and the energy eigenvalues 

kE  are given by the solution of the wave equation: 

kkkH EV
m

yy =
ö
ö
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æ
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å
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2

2

>
      (1.1.4) 

where HV  is the Hartree potential and ä is a mass operator or ñself-energyò 

representing the exchange and correlation interactions. The total density of the 

valence electrons is given by 

)()()()( * rrknr kk

k

GGC
yyr ä=      (1.1.5) 

)(kn  being an occupation number and the summation over spin indices being 

understood. The procedure in recent years is then to consider  HV ,ä and )(r
C

r  in 

(1.1.4) and (1.1.5) as the sum of three contributions due to 

(i) the ions, 

(ii)  a uniform density of valence electrons )(
0

r
C

r  neutralizing the 

ionic charge, and 

(iii)  the change or fluctuation, dr in (1.1.2) from the constant value 

0
r as a result of choosing a ñtestò valence electron in the system 

(i) and (ii), and considering its interaction with the other electrons. 

In other words, one imagines an array of positive ions immersed in a rigid 

uniform jelly of valence electrons in (i) and (ii), and then includes the effect of 

(iii) which is to ñunfreezeò the jelly. The potential due to (i) and (ii) is called the 

potential of the ñbareò ions, or simply the ñbareò potential, 
bV  (which is usually 

represended by a pseudo or model potential) and the resulting potential after 

taking into account the screening action of the electron gas arising from the 



 

5 

Proceedings of the Second International  Seminar on Theoretical Physics & National 

Development, July 5 - 8, 2009, Abuja, Nigeria 

 

density fluctuations (iii),is called the ñeffectiveò or ñself-consistentò or ñscreenedò 

potential 
eff

V  (or U) of the valence electron in the material.  

2. THE POTENTIAL OF THE BARE IONS 

2.1  Introduction 

Considerable experience has been accumulated in the task of setting up the 

bare potential, bV , from band structure calculations (see, for example, the 1964 

review by Heine [5]). From the results of these calculations and experimental 

studies of the shapes of the Fermi surface, (notably the experimental map of the 

Fermi surface of lead by Gold[3] in 1958 and its theoretical extensions to 

aluminium and other polyvalent metals by Harrison[4] over the period 1959-64), 

it became clear that the valence electron in simple metals behaved effectively as if 

it were nearly free: i.e., its wave function, y, in the region between the atomic 

cores is very close to a simple plane wave or a simple linear combination of plane 

waves; in the region inside the atomic cores y behaves like an atomic wave 

function with several oscillations or sharp wiggles on account of the strong 

attractive core potential in this region. But it has been shown, as we shall outline 

presently, that these wiggles can be looked upon either as a manifestation of the 

exclusion principle which requires the valence electron states to be orthogonal to 

the core orbitals or as indicative of high kinetic energy of the electron 

corresponding to several phase changes of p2  before it reaches the edge of the 

strong attractive potential well. In either case, the effect is to cancel most of the 

attractive potential resulting therefore in a weak net potential which is called the 

pseudo-potential, 
ps

V , and which acts on a new wave function, f. Thus (Fig.2.1) 

 

 

 

 

 

 

in the region between the ion cores f may be represented by a simple linear 

combination of plane waves but in the region of the core it does not possess the 

Fig.2.1: True wave function y and Pseudowave function f. 
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sharp wiggles of the actual y. In fact f in the region inside the atomic cores may 

be looked upon as a smooth extrapolation of the simple plane wave from the 

region outside the cores into the core region. 

 

2.2   Pseudopotential Transformation 

A. The OPW-Pseudopotential  

We now proceed to show how the cancellation of the strong negative 

potential energy of the bare ions by the positive kinetic energy terms arising from 

the oscillations of the actual  y comes about: this is the essence of the 1940s 

orthogonalized plane wave (OPW) method of band structure calculation (Herring 

[2]) and the pseudopotential theories of Phillips and Kleinman[1], Harrison[4], 

Heine and others[5]. There are at least two ways of looking at the change from y 

to f:  (i) as a mathematical transformation and (ii) in terms of phase shifts. If we 

mathematically transform the Schrodinger equation: 

yyy EV
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using  

ä+=
c
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yayf        (2.3.2) 

where  
v
y  and 

c
y  are respectively the valence and core eigenfunctions of the 

same Hamiltonian operator, H, in (2.3.1) and 
c
a  are arbitrary, the summation 

being over the core states, then we obtain 

ff EV
m
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As the 
c
a  are arbitrary, a variety of 

ps
V  are obtainable from the various choices 

of  
c
a . For example, if we set, k

G
ºf , a plane wav of wave vector k

G
, and set 

k
cc

C
ya=        (2.3.4) 
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the matrix element of  k
G

 and 
c
y , then we have made k

G
 orthogonal to the 

core states (Herring[2], Phillips and Kleinman[1]). Equation (2.3.2) takes the form 

kQ
v

G
)1( -=y  

or more generally, 

fy )1()1( QkQa
k

kv
-¹-=ä

G
    (2.3.5) 

where 

ä=
c

cc
Q yy      (2.3.6) 

is a projection operator which projects a function on the core states (Pick and 

Sarma[5] ) and  

ka
k

k

G
ä=f        (2.3.7) 

is the pseudowave function which is a simple linear combination of plane waves. 

On setting up secular equation for band structure calculation (2.3.5) implies we 

obtain rapid convergence of the secular equation on the basis of the nearly free 

electron model. Equivalently, (2.3.3) and (2.3.6) imply 

ä -+=
c

ccckps EEVV fyyff )( ,    (2.3.8) 

where the second term may be interpreted as a repulsive potential, 
R

V  (Phillips 

and Kelienman[1]). As the energy of valence band 
k

E  is always higher than those 

of the core states 
c

E , it follows that 
R

V  is always positive and consequently 

cancels most of the negative attractive potential, V , in the first term. The 

arbitrariness in 
ps

V  is now apparent from the fact that if we add any arbitrary set 

of core functions, the orthogonality condition (2.3.4) immediately subtracts it out 

and we obtain exactly the same eigenvalue, E , in (2.3.1) and (2.3.3) for the new 

f-equation. 

Various forms of  
ps

V  have, therefore, been obtained by smoothing f in 

some sense. Cohen and Heine[5] invoked a minimum principle for the kinetic 
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energy term subject to all variations of f: in contrast, Harrison[4]  used a 

maximum principle for the potential energy. Austin, Heine and Sham[5] 

formulated a completely general form of 
ps

V  which can be used for realistic 

calculations and applies to the free atomic energy states as well as to the solid: 

ä-=
c

ccps
FVV yfff      (2.3.9) 

where  
c

F  are completely arbitrary core functions. The particular choice: 

cc
VF y=                (2.3.10) 

leads to the minimum principle in the sense of Cohen and Heine[5]. In actual 

calculation, one starts by determining the atomic psudo-potential from (2.3.9) 

written in the form 

ä-=
c

ccps
FVV )/( fyf              (2.3.11a) 

on the basis of which the second term may be calculated from each angular 

momentum state, s, p, d, etc by projecting out each state from the Hartree-Fock 

equation for each atomic pseudo-state; and simplification emerges by expressing 

it in the form: 

ä Â+=
l

l

l

Rps
rVVV )(      (2.3.11b) 

where 
l
Â  is a projection operator which picks out a particular angular momentum 

state, l, and 
l

R
V  is the repulsive part of the pseudo-potential expanded according 

to the spherical symmetry of )(rV . As each 
l

R
V  varies slightly with the energy, 

the pseudo-potential in solids is obtained from the atomic one by smoothly 

extrapolating the energy dependence in 
l

R
V .  A  review of the current state of art 

is available in the Cambridge-published 2004 book by Martin[16] entitled  

Electronic Structure: Basic Theory and Practical Methods. Cambridge. UK. 

  

B. The Heine-Abarenkov Model Potential 

Another way of looking at the transformation from y to f is in terms of 

the phase shifts, 
l
d. In the Born approximation, a weak perturbing short-range 
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spherically symmetric potential. W.  produces at a distance r, for an angular 

momentum state, l, with energy mk 2/22> , a phase shift : 

'')'()'(),(
0

2

2

1 drrkrJrWmrk
r

ll ñ +
-=pd    (2.3.12) 

The cross-section. s, for the scattering of a particle in W is given in terms of 
l
d 

by 

ä +=
l

l
l

k
d

p
s 2

2
sin)12(

4
     (2.3.13) 

Consequently, phase shifts differing by integer multiples of p produce the same 

effect, implying in view of (2.3.12) that the weakest possible W producing exactly 

the same phase shift is all that is require. In a very deep potential well the several 

oscillations of the actual wave function y correspond to several phase changes of 

2p before the electron reaches the edge of the well. The elimination of these 

wiggles by the use of a smooth f is therefore equivalent to reducing these several 

phase changes and amounts to choosing a weak scattering potential W or a 

pseudo-potential 
ps

V  from which all the nodes in y in the region of the cores 

have been eliminated. This may be achieved by ñrelaxingò the condition on the 

c
a  in (2.3.1) and one obtains a pseudo-potential (sketched in Fig. 2.2) which, for 

historical reasons, has been called the model potential (Heine and Abarenkov[6]): 
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Here,  
M

R  is a model radius, z is the valence of the atom or ion under 

consideration, 
l
Â  is the projection operator defined already in (2.3.11b), and the 

parameters )(EA
l

 are functions of the energy determined by the atomic 

spectroscopic term values, E, for each l=0,1,2, etc.   
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In the solid, these atomic
l

A  are smoothly extrapolated in the spirit of the 

quantum defect method (Ham[17]).Moreover, in the actual application and 

determination of the model potential, the approximation that 

2   ,
2
>= lAA

l
      (2.3.15) 

is also made, and consequently (2.3.14) becomes 
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RrAAAAA
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  ,)()( 1210202

    (2.3.16) 

Apart from the complications in the idea of phase shifts introduced by the 

Coulomb tail in the region 
M

Rr > , the whole point of the ñrelaxationò of the 

condition on 
c
a  in (2.3.2) is to produce a model wave function 

M
f  having no 

nodes in the region 
M

Rr<<0 , that is, reproduces the phase shifts (modulo p). 

We turn next to the question of representing the bare potential, 
bV  of  the 

whole solid by the pseudo- or model potential. 
bV  may be regarded  as a 

superposition of the atomic pseudo- or model potentials centered about each 

atomic site: that is, 

ä -= )(v
j

bb RrV
GG

     (2.3.17) 

where  

MV  

MR  r  

Mf  

Fig. 2.2: The Heine-Abarenkov Model Potential 
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ps
Vv =b

 or 
M

V               (2.3.18) 

is the pseudo- or model potential associated with each ion at position 
j

R
G

. 

However, the use of the pseudo-wave function  f rather than the actual wave 

function 
v
y  where 

ä-º
c

ccv
yyffy ,    (2.3.19) 

results in the reduction of the charge density of the valence electrons near the core 

where 
22

fy ¸
v

 and a heaping up in the region between the ion cires. Thus 

instead of )(
0

rr  defined at Eq.(1.1.5) being equal to a constant  everywhere, 

where z is the valence, and  0W  the atomic volume, it is now 0/)1( W+ za  

everywhere, a being a small correction, together with an extra positive charge of 

za electronic charges more or less uniformly spread over a sphere of radius 
C

R  

equal to that of the ion core. This effect may be visualized by imagining a plane 

wave turning into atomic-like oscillations inside the core, the mean value of 
2

v
y  

being replaced by a factor two (mean value of x2cos ); moreover, 
2

v
y  has to 

drop at a radius a bit bigger than that of the core radius 
C

R  because its outer node 

has to come fairly far out in the main bump of the outer shell of the core states in 

order to preserve orthogonality between them. Thus we expect, 

 

a
R/

Rn bigger tha

bit a radius

1 and  

betweenfactor 

C2
1 öö

÷

õ
ææ
ç

å
³öö
÷

õ
ææ
ç

å
=a  (2.3.20) 

a
R  being the radius of a sphere of volume 0W . The value 

( )3/
ac

RR=a      (2.3.21) 

was suggested by Heine and Abarenkov[6], the potential due to this correction 

being called the ñorthogonalization correctionò 
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There is another small correction called the ñcorrelation correctionò which affects 

the charge density and gives rise to a correlation correction potential, 

í
ì
ë

>
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=
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CC

Rr

Rr

               0  

   ),(
v

0

CC

rm
    (2.3.23) 

where )(
0
rm

C
 is the local correlation potential depending on the electron 

density 
0
r in the item (ii) of Sec 1. It is a contribution from the correlation part 

(which we denoted by a suffix c) of the self-energy term ä due to 
0
r. Similar 

contribution )(
ion
rm

C
 where 

ion
r  is the density of the tightly bound core 

electrons, has already been included exactly in the model potential of the bare ion. 

In the approximation of Kohn and Sham[18] which is valid for non-transition 

metals, 

 )(rm
CC

ºä      (2.3.24) 

r being the total electron density, which in terms of the correlation energy (per 

electron), 
C

E , is give  by 

( )
r

rr
r

m
d

dE
EE

d

d
C

CCC
+¹=   (2.3.25) 

The last term is about 0.01 Ry which in taking the matrix element of 
CC

v  is 

reduced by the ratio of ionic to atomic volume (nearly ten times), and so, 

 
CC

Eºm       (2.3.26) 

will serve for calculations accurate to 0.01 Ry (see, Table 2.1) 
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Table   2.1: Values of 
C

E  and 
C
m  for a uniform electron gas 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 In the range of metallic densities, 
C

E  and 
C
m  vary slowly with density (see, 

table 2.1) and in the limit of high density inside the ions they also vary slowly as 

(Gell-Mann and Bruckner [19]) 

 
SC

rE ln0622.0º     (2.3.27) 

where 
S

r  in atomic units is the usual radius giving the volume per electron. The 

correction 
CC

v  is seen to arise from the non-additivity of the correlation energy as 

a function of density; a screened exchange part is additive and so doesnôt 

S
r  

(atomic 

units) 

C
E  

(Ry) 
C
m  

(Ry) 
S

r  

(atomic 

units) 

C
E  

(Ry) 
C
m  

(Ry) 

1.6 -0.101 -0.108 3.4 -0.077 -0.090 

1.8 -0.098 -0.106 3.6 -0.075 -0.088 

2.0 -0.095 -0.104 3.8 -0.073 -0.085 

2.2 -0.092 -0.102 4.0 -0.071 -0.083 

2.4 -0.090 -0.100 4.2 -0.069 -0.081 

2.6 -0.087 -0.098 4.4 -0.068 -0.079 

2.8 -0.084 -0.096 4.6 -0.066 -0.076 

3.0 -0.082 -0.094 4.8 -0.065 -0.074 

3.2 -0.079 -0.092 5.0 -0.064 -0.072 
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contribute. On the other hand, the non-homogeneity of the valence electyron 

density described as the orthogonalization correction above also affects the charge 

density in the correlation and exchange hole in ä: it tends to cancel the 

orthogonalization correction in the direct Hartree potential. As a compromise,  in 

place of a in (2.3.22) we use 

 

3

2
1

öö
÷

õ
ææ
ç

å
=

a

C

eff
R

R
a      (2.3.28) 

In view of these corrections, we have in place of (2.3.18)  

CCOCM vvvv ++=b                (2.3.29) 

The form (2.3.17) for the bare potential allows a very important 

factorization of the matrix elements which is characteristic of diffraction theory 

(Harrison [4], Sham and Ziman[20]). Fourier expansion of (2.3.17) takes the 

form: 

ä+=
q

)r.q)exp(iqA('  const.)r(V
C

CCCCb
   (2.3.30) 

where each Fourier component )qA(
C

 may be factored as  

kvqkS(q))qA( b
CCCC

+=      (2.3.31) 

and ' ä  excludes the term q=0. In (2.3.31) 

ä -=
j

i )R.qexp(
N

1
S(q)

j

CC
     (2.3.32) 

is the structure factor which depends on the arrangement of the ions, but is quite 

independent of the individual ionic potentials. The matrix element, 

[ ]( ) ( ) rdii 3bb r.kexp)r(vr.qkexp
1

kvqk
CCCCCCCCC

ñ +-
W
=+     (2.3.33) 

is the Fourier component of the potential associated with a single ion and is 

independent of the arrangement of the ions (except through th volume per ion). 

Thus the factorization (2.3.31) includes solid metals, liquid metals, and metals 
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disturbed by a vacancy, dislocation or phonon. In the case of an alloy with several 

atomic species, b, we generalize (3.2.31) to 

ä +=
b

bb
kvqk(q)S)qA( b
CCCC

    (2.3.34) 

As a result of the factorization, the task of setting up the bare potential has 

reduced to constructing a pseudo- or model potential for a single ion of a material. 

 

2.3 The Effective Potential 

This section is a review of the ideas about the effective potential which was 

defined in Sec.1. It has been shown from the recent developments in many-body 

theory (see, for example, Pines[21], Nozieres and Pines[22]) that the infinite self-

energy of the electron gas is a consequence of the long-range character of 

electron-electron interactions, and may be removed by a process analogous to the 

elimination of photon self-energy parts in the analysis of the S-matrix in quantum 

electrodynamics. Bohm and Pines[23] introduced the concept of plasma 

oscillations; Landau (see, e.g. Nozieres[24])  described in his theory of Fermi 

liquids many of the properties of interacting Fermions in terms of a set of weakly 

interacting elementary excitations called quasi-particles; finally, Gell-mann and 

Bruckner[19], and Hubbard[25]  formulated perturbation theory which could be 

applied to a many-body system with long-range forces. It is argued that on 

treating the Fermi gas of valence electrons in a metal as free, that is, suppose that 

the background of ions just ensures electrical neutralioty of the gas at equilibrium, 

then the effect of ñswitching onò the electron-electron interaction in the system is 

to induce density fluctuations (dr) which could be described as a polarization 

cloud, P, carried by any chosen test electron. The polarization cloud screens the 

bare interaction of the test electron with all other electrons of the system, the bare 

interaction bv  being reduced by a factor )1/(1 P+ . bv  is then said to be 

ñrenormalizedò or ñscreenedò or we may say that such electron feels a net short-

range effective potential, 

)1/(vv b Peff += .     (2.3.1) 

P has been calculated in various approximations. For example, in the random 

phase approximation (RPA), it was given for an electron gas by Lindhard [26]: 



 

16 

Proceedings of the Second International  Seminar on Theoretical Physics & National 

Development, July 5 - 8, 2009, Abuja, Nigeria 

 

)2/()(
4
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    (2.3.2) 

where )(
F

EN  is the density of states at the Fermi surface and  
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1     (2.3.3) 

For an electron-phonon field, if 
q
w  is the phonon frequency, 

q
a  the electron-

phonon matrix coupling matrix element, 
k

E  the electron energy spectrum and W 

the normalization volume, then it is easy to show as in (2.3.2) that 

ä
+

-

+-

W
=

k
qkq

q

E

nn
qP

k

2

E

)qk()k(12
)(

CCC

w

a
   (2.3.4) 

where )k(
C

n  is the Fermi distribution function. The function, 

)(1)( qPq +=e       (2.3..5) 

is the response or the dielectric function and has been related to the familiar 

macrosciopic dielectric constant in an insulator by Nozieres and Pines[22]. It has 

also been formulated by Ehreinreich and Cohen[27] in terms of linearized self-

consistent field approximation using density matrix; Kadanoff and Baym[28] 

defined it in terms of the variational derivatives of Schwingerôs action principle; 

and there are several other equivalent formulations using for example the Fermi-

liquid theory of Landau of basically the same physical consequences. In the metal,  

the treatment of screening in thr Hartree approximation was first used by Bardeen 

[29] but has been formulated in terms of Lindhard[26] dielectric function by 

Cohen and Phillips[30]. The latter authors argued that since the pseudo-potential 

is weak, it could be treated as a perturbation of the free electron gas in the Hartree 

approximation. In the perturbation expansion, the electron states are pseudo-

waves which are approximately plane waves apart from the ñorthogonalityò 

correction to the screening electron densities mentioned earlier. Thus, in zero 

order the charge density is constant and its contribution to the potential is 

uninteresting. The first order screening potential contributes to the energy in the 

second order, but the screening to higher order can be seen only to affect the 

energy in the third order. Theefore, to second order the screening is required only 
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to first order and so each Fourier component of the bare potential (2.1.31) may be 

screened independently so that the effective potential 

)r(
C

U  or )r.qexp(
(q)

)qA(
' Const.)r(

CC
C

C
iV

q

eff ä+=
e

   (2.3.6) 

The major effect of the screening is to cancel any long-range potentials arising 

from the charge distribution of the system. This cancellation may be related to the 

behavior of the dielectric function (q)e  at long wavelength 0)(q­ , as 

discussed for example by Sham and Ziman[20], and by Heine and Abarenkov[6] 

There are other effects due to the non-locality of the bare potential (2.1.31) 

discussed by Animalu[31] as refinements for accuracy in quantitative calculations 

of electronic structure. 

  

3. MODEL POTENTIAL FOR TRANSITION AND RARE-
EARTH METALS IN THE RESONANCE MODEL 

3.1. Introduction 

It is well-known (Loucks[9]) that the usual OPW-pseudopotential methods should 

fail for the incomplete d-electron core state of the transition metals and the f-

electron core states of the rare-earth metals. Consequently, the d- and f- states are 

usually described by the APW-pseudopotential method by introducing 2=?  and 

3=?  phase-shifts of the resonance type. The main contributors to the 

clarification of the resonance idea are J.M.Ziman[10], G. J. Morgan [32], V. 

Heine [33] and J. Hubbard [34]. Heine especially related Zimanôs formulation 

based on the Korringa-Kohn-Rostaker (KKR) method to the parallel Linear 

Combination of Atomic Orbitals (LCAO)-OPW interpolation scheme developed 

by C. Hodges, H. Ehrenreich and N. D. Lang [35] and F.M. Mueller[36]. The 

experimental evidence for the validity of the resonance model came subsequently 

in the photoemission studies by N. V. Smith and co-workers[37] ealier analyzed 

by his group in the framework of the LCAO-OPW interpolation scheme.  

These works provided the motivation for the early efforts to extend the OPW-

pseudopotential method to the transition metals by Harrison[11] and Moriarty[38] 

This was achieved by reformulating the pseudopotential method as an expansion 

in an overcomplete set made up of plane waves, atomic core states and atomic d-

states. The final theory was unduly complicated by the special status given to the 

treatment of the d-state and the resonance potential associated with it. 
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Consequently, a model potential method of Heine-Abarenkov-type, called 

Transition-Matel Model Potential (TMMP) was designed by Animalu[12] to 

simulate the 2=?  resonance in the transition metals and the 3=?  resonance in 

the rare-earth metals through the corresponding model potential well-depths, 

() ( )1

2

-
-´ EEEA d  and () ( )1

3

-
-´ EEEA f , where dE  and fE  are the 

resonance energies. This means that the basic form of the Heine-Abarentkov 

model potential for the simple metals is retained for all metals throughout the 

Periodic Table. The distinction between simple, transition , and rare-earth metals 

lies in the singular (mathematical) behavior of the model potential well-depths in 

the transition-group and rear-earth-group of metals, which can be handled by 

analytical continuation into the complex energy plane[39] or what is the same 

thing, by the use of the T-matrix for the appropriate partial-wave states. This 

approach is evidently more fundamental inasmuch as it unifies the treatment of all 

metals in a comprehensive model potential theory. 

In order to appreciate the formal structure of the model potential for the transition 

and rare earth metals, we proceed to review Harrisonôs pseudopotential 

transformation theory for the transition metals as the conceptual framework for 

setting up an internally consistent computational TMMP method..  

3.2  The Transition-Metal Pseudopotential Transformation 

The objective of the pseudopotential or model potential method in simple metal 

theory is to replace the one-electron wave equation for a Bloch electron in a 

crystal, 

 
kkk
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m

CCC
>

yy =ù
ú

ø
é
ê

è
+Ð- 2

2

2
     (3.2..1) 

by a pseudowave equation  

kkkOPW EV
m

CCC
>

ff =öö
÷

õ
ææ
ç

å
+Ð- 2

2

2
     (3.2.2) 

where  OPWV   is understood to be weaker than the true potential V  and the 

pseudowave function 
k
Cf  is generally a plane wave or a simple linear combination 

of plane waves. The transformation that relates the true Bloch function 
k
Cy  to the 

pseudowave function 
k
Cf  is 
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for the class of pseudopotentials and model potentials of the form 

( )ä -+=
c

ckOPW ccEEVV C      (3.2.4) 

where the c ôs are the ion-core states. For, if we take the partial derivative of 

OPWV  with respect to 
~
kE , and substitute for 

~

/ kOPW EV µµ  in Eq. (3.2..3) we obtain 

the standard result, 

( )
kk

P CC fy -=1        (3.2.5) 

where  

ä=
c

ccP         (3.2.6) 

is the projection operator ( PP =2 ) that orthogonalizes 
~
kf to the ion-core states 

c . The depletion hole or orthogonalization correction associated with (3.2.3) is, 

accordingly, given by  

( )ä
µ

µ
-=

k

kk k

k

OPW

E

V
nz

C

CC
C

C
ffa 1     (3.2.7) 

where the summation is over the occupied states in the Fermi distribution 

characterized by the distribution function 
k

nC, and z  is the chemical valence.  

Now let us consider Harrisonôs generalization[11] of the OPW-

pseudopotential transformation (3.2.3) to the transition metals: 

( ) kk
c d kdd
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dd
ddcc CC
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ffy ö
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 (3.2.8) 

In a typical transition metal, such as vanadium, c  runs through 

the 62622 33221 pspss while d  runs through the 33d , 
k
Cf  characterizes the ionized 

24s  free-electron states; and dVdV dd -¹D  is the hybridization potential 
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which generates the d -band resonance in the energy band structure. The 

corresponding pseudowave equation turns out to be, 

( )
kkk

d kd

E
EE

dd
Wm CCC

C
> ff =

ù
ù
ú

ø

é
é
ê

è

-

D
-+Ð- ä

)(
2/ 22    (3.2.9) 

where W  is essentially the usual OPW-pseudopotential operator: 

( ) [ ]ää D+D+-+-+=
d

dk
c

ck
ddddddEEccEEVW )( CC .   (3.2.10) 

What we call the transition-metal OPW-pseudopotential (including the resonance 

term) is:  

( )ä
-

DD
-=

d kd

OPW
EE

dd
WV

C
 .     (3.2.11) 

The generalization consists of the addition of the extra resonance term that is 

proportional to( )1-
-

kd EE C . The presence of this term implies, however, that the 

depletion hole associated with the d-state is infinite, because the summation over 

k  in (3.2.7) is divergent whenever the domain includes the point dk
EE =C . 

Moreover, the resonance term leads to an expression for  
~

/ kOPW EV µµ , which is 

not identical with an expression for  
~

P  in Eq. (3.2.8), i.e, 

( )
  

~

2

~

P
EE

dd
ddcc

E

V

d
kdc dk

OPW ¸
-

DD
-+¹

µ

µ
ää ä

C
 . (3.2.12) 

However, in ref.[39] it was shown how to remove the divergence in Harrisonôs 

transformation and relate 
~

/ kOPW EV µµ  to  
~

P . It is necessary to allow a small 

imaginary part, i.e. a resonance width, in Eq. (3.2.11), by making the replacement  

          
~

ä
D+-

DD
-=­

d kd

OPWOPW
iEE

dd
WVV

C
       (3.2.13) 

and correspondingly  
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The replacement guarantees that near dk EE =
~

, we have real part of P
~

equals  

  ( )
( )ää

D+-

D
+¹µµ

d
kdd

kOPW
EE

dd
ccEV

22
/

~

C

C   (3.2.15) 

so that we generate a finite depletion hole. Moreover, if we define  

ä ää
D+-

D
-=+=

c d kd

r

d

s
iEE

idd
PddccP

C

)(
    ,   (3.2.16) 

then, because 0=Ddd  and 0=cd , and if it is assumed that D is nearly 

constant over the core states so that 0=Dcd , we have  

,2

SS PP =    ,02 =rP    ,rrS PPP =    0=Sr PP .  (3.2.17a) 

Thus  

( ) ( )rSrSSrrSSrSrS PPPPPPPPPPPPP +=+=+++=+ 2222
     (3.2.17b) 

This is the basic property ( )'
~

'
~ 2 PP = of a valid pseudopotential transformation. In 

the modified pseudopotential OPWV
~

 we in effect replaced the ordinary 

pseudopotential by a T-matrix pseudopotential.  

It was on the basis of this concept  that Animalu[12] defined a model potential of 

the Heine-Abarenkov type for the transition and rare-earth metals ï  called the 

transition-metal model potential (TMMP) ï by observing that s-d hybridization 

could be incorporated in the framework of the model potential method through 

2=?  well-depth of the form, 

()
( )ee

e
-

=
d

C
A

3

2  ,      (3.2.18) 
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where C  is a constant (independent of e). Starting from a modified quantum 

defect relation in Eq. (3.2.19), one could write the true potential seen by a valence 

electron in the state ( )?,n  in the presence of a positive transition-metal ion as  

 () () ??? nnn rUrV D+=
2

1
    (3.2.19) 

where the potentials are in atomic units, i.e., double rydberg, and ?nD  is in 

rydberg.  Thus the true radial wave equation for the electron is  

( )
() ()( ) ()rErrU

rdr

d
nnnnn ?????

??
CD-=Cù

ú

ø
é
ê

è
+

+
+- 2

1
22

2

 . (3.2.20a) 

It is as if the electron experiences a modified potential ?nU  that is Coulombic at 

large r (greater than the ion core radius) corresponding to a modified energy 

spectrum of the form given by the old quantum defect method, 

( )2
2

?

???

n

nnn
n

z
E

d
e

-
-¹D-=    (3.2.20b)  

We therefore replace ?nU  by a model potential  ?,MV  so as to reproduce the 

modified term values ?ne . 

With this interpretation of the energy to which the model potential well-depths 

()e?A   should refer in the transition metals, it was found that the TMMP had 

precisely the same form as the simple-metal model potential (2.2.14) for 0=? , 1 

and includes an 2=?  resonance term through a well-depth of the form (3.2.18). 

The well-depths ?A  in the solid can therefore be determined from the observed 

spectroscopic term values by extrapolating to the appropriate energy, FE  say, of 

an electron at the Fermi level in the spirit of the quantum defect method. In 

practice, because of the scarcity of spectroscopic data for the transition-group 

metals, the parameters of FE  were obtained by correlating the transition metals 

along row of the Period Table. 

3.3 The Screened Transition-Metal Model Potential Form Factors. 

So far we have emphasized the (mathematical) similarities between the simple-

metal model potential and the transition-metal model potentials. This means in 

practice that the calculation of the screened model potential form factor for the 
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transition should follow the procedure outlined for the simple-metal model 

potential in Sec. 2.3, with TMMP expressed in the explicit form: 
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    (3.3.1) 

where C = )2,1,0(; =lA
R

z
l

M

 are the model potential parameters; and lÂ (l = 0, 1, 

2) are the projection operators of the lth angular momentum of an incident one-

electron wave-function.  lÂ   For various applications involving scattering of 

electrons near the Fermi surface, the effective potential may be calculated in the 

local screening approximation in the form,  
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where,  
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where 
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Apart from the inclusion of the resonance term, the expressions are the same as 

those for the simple metals. 

We list in Table 3.1, all the parameters required to evaluate the form factor 

() qkVkqV F

CCC
+=  for  all the 27 transition metals and in Table3.2 the form 

factors. 
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Table 3.1: Transition-Metal Model Potential (TMMP) Parameters for 27 

Transition Metals 

0A           1A          2A          MR        0W           z           *m          cR         effa      cE  

r
          

Fk
          

Pw
                                                                                       

element
 

0.250  0.400  0.215  2.200 79.400  1.000  1.000  1.814  0.157  0.086  

8.930  0.921  7.655                                            Cu 

0.223  0.400  0.218  2.600115.400  1.000  1.000  2.381  0.245  0.082  

10.500  0.813  4.857                                           Ag  

0.150  0.500  0.212  2.600114.600  1.000  1.000  2.589  0.317  0.082  

19.280  0.815  3.609                                           Au 

1.600  1.650  1.400  2.000168.700  3.000  1.000  1.531  0.045  0.090  

2.990  0.716 18.678                                            Sc  

0.750  1.300  1.100  2.00 223.100 3.000  1.000  1.739  0.049  0.087  

4.480  0.653  11.539                                            Y  

0.900  1.400  0.850  2.000252.200  3.000  1.000  2.154  0.083  0.096  

6.170  0.626  8.698                                            La  

2.300  2.500  2.100  2.000119.000  4.000  1.000  1.285  0.037  0.096  

4.510  0.805 28.747                                            Ti  

1.150  1.700  1.500  2.000157.000  4.000  1.000  1.493  0.044  0.095  

6.510  0.734 18.136                                            Zr  

1.300  1.800  1.350  2.000150.200  4.000  1.000  1.474   0.045  0.095  

13.200  0.745 13.313                                           Hf  

3.250  3.550  2.900  1.600 93.900  5.000  1.000  1.115  0.031  0.101  

6.090  0.871 39.189                                             V  

1.700  2.300  2.250  2.000121.300  5.000   1.000  1.304  0.038  0.100  

8.580  0.800 25.558                                            Nb  

1.750  2.350  2.250  2.000121.300  5.000  1.000  1.285  0.038  0.100  

16.660  0.800 18.342                                           Ta  

1.600  1.470  1.400  2.500  80.600  3.000  1.000  1.191  0.044  0.102  

7.190  0.916 25.211                                            Cr  
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2.300  2.930  2.500  2.000105.500  6.000  1.000  1.323  0.046  0.100  

10.220  0.838 32.310                                           Mo  

2.300  2.850   2.500  2.000106.500  6.000  1.000  1.172  0.032  0.101  

19.250  0.835 23.321                                           W  

0.890  0.980  0.870  2.200 81.900  2.000  1.000  1.512  0.088  0.095  

7.470  0.911 16.228                                            Mn  

3.100  3.200  3.300  2.000 96.500  7.000  1.000  1.058  0.026  0.102  

11.500  0.863 38.850                                           Tc  

2.950  3.550  3.300  2.000 99.300  7.000  1.000  1.058  0.025  0.102 

21.030  0.855 27.919                                           Re 

1.600  1.470  1.400  2.000 79.800  3.000  1.000  1.400  0.072  0.090  

7.870  0.919 24.339                                            Fe  

1.150  1.700  1.500  2.000 91.900  4.000  1.000  1.266  0.046  0.098  

12.360  0.877 22.486                                           Ru 

1.300  1.800  1.350  2.000 94.800  4.000  1.000  1.304  0.049  0.098  

22.580  0.868 16.127                                           Os  

0.990  1.050  0.980  2.200 74.900  2.000  1.000  1.360  0.070  0.094  

8.900  0.939 16.256                                            Co 

0.750  1.300  1.100  2.000 92.600  3.000  1.000  1.285  0.048  0.096  

12.360  0.875 16.737                                           Rh  

1.300  1.800  1.350  2.000 95.500  4.000  1.000  1.285  0.047  0.098  

22.550  0 .866 16.020                                           Ir  

0.990  1.050  0.980  2.200 73.600  2.000  1.000  1.304  0.063  0.093  

8.910  0.944 16.534                                            Ni  

0.890  0.750  0.870  2.600 99.300  2.000  1.000  1.512  0.073  0 .091  

12.000  0.855 10.560                                           Pd  

0.970  1.110  0.850  2.600101.600  2.000  1.000  1.512  0.071  0.091  

21.470  0.848  7.716                                           Pt  

 

Note: All quantities are in atomic units exceptcE  which is in rydberg; 0W and cR  

are taken from C. Kittelôs book [p. 38 of ref.[40] and the General Electric X-ray  
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periodic chart of elements respectively, and the parameter 2A  applies to FEE= . 

r is the density, Fk  is the Fermi wave number, and Pw  is the computed ion 

plasma frequency (of interest for computation of phonon frequencies, see 

Sec.3.4). 

 

Table 3.2: Form Factors qkVkqV FF

GCG
+¹)( of the Transition-Metal Model       

Potential (TMMP)  

Here, as in Table 8-4 of Harrisonôs book[ 8] the first column for each metal is 

Fkq 2/ ; the second column is the form factor in rydbergs. For Fkq 2¢  these 

correspond to initial and final states on the Fermi surface; for Fkq 2>  these 

correspond to initial state on the Fermi surface and initial and final states 

antiparallel. These are reproduced from Fortran77 programme output adapted by 

Essien from Animaluôs mainframe Fortran 44 programme based on the analytical 

expression for qkVkqV FF

CCC
+¹)(  in Eqs.(3.3.2), and sketched for Copper in 

Fig. 3.1. 
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Fig.3.1. The Screened TMMP Form Factor for Copper (Cu) 
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          Cu 

Fkq 2/       )(qV   

  0.00   - 0.34539  

  0.10   - 0.33473  

  0.20   - 0.30223  

  0.30   - 0.25076  

  0.40   - 0.18574  

  0.50   - 0.11574  

  0.60   - 0.04946  

  0.70    0.00695  

  0.80    0.05071  

  0.90    0.08178  

  1.00    0.24600  

  1.10    0.10490  

  1.20    0.09682  

  1.30    0.08305  

  1.40    0.06644  

  1.50    0.04907  

  1. 60    0.03239  

  1.70    0.01741  

  1.80    0.00479  

  1.90   - 0.00512  

  2.00   - 0.01223  

  2.10   - 0.01661  

  2.20   - 0.01854  

  2.30   - 0.01837  

  2.40   - 0.01654  

  2.50   - 0.01354  

  2.60   - 0.00983  

  2.70   - 0.00585  

  2.80   - 0.00199  

  2.90    0.00144  

  3.00    0.00420  

   

 

 

   

          Ag 

 Fkq 2/       )(qV  

  0.00   - 0.26919  

  0.10   - 0.26176  

  0.20   - 0.23880  

  0.30   - 0.20157  

  0.40   - 0.15275  

  0.50   - 0.09761  

  0.60   - 0.04233  

  0.70    0.00798  

  0.80    0.05041  

  0.90    0.08434  

  1.00    0.08594  

  1.10    0.11689  

  1.20    0.11032  

  1.30    0.09722  

  1.40    0.08062  

  1.50    0.06270  

  1.60    0.04505  

  1.70    0.02881  

  1.80    0.01473  

  1.90    0.00327  

  2.00   - 0.00537  

  2.10   - 0.01123  

  2.20   - 0.01450  

  2.30   - 0.0 1551  

  2.40   - 0.01469  

  2.50   - 0.01250  

  2.60   - 0.00944  

  2.70   - 0.00596  

  2.80   - 0.00246  

  2.90    0.00071  

  3.00    0.00331  

   

 

 

 

          Au 

  Fkq 2/      )(qV   

  0.00   - 0.27044  

  0.10   - 0.26302  

  0.20   - 0.239 87 

  0.30   - 0.20162  

  0.40   - 0.15010  

  0.50   - 0.08971  

  0.60   - 0.02612  

  0.70    0.03572  

  0.80    0.09285  

  0.90    0.14471  

  1.00    0.15780  

  1.10    0.20509  

  1.20    0.19780  

  1.30    0.18011  

  1.40    0.15615  

  1.50    0.12895  

  1.60    0.10086  

  1.70    0.07366  

  1.80    0.04871  

  1.90    0.02696  

  2.00    0.00901  

  2.10   - 0.00486  

  2.20   - 0.01465  

  2.30   - 0.02058  

  2.40   - 0.02309  

  2.50   - 0.02273  

  2.60   - 0.02018  

  2.70   - 0.01610  

  2.80   - 0.01117  

  2.90   - 0.00600  

  3.00   - 0.00113  
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           Sc 

  0.00   - 0.43470  

  0.10   - 0.42407  

  0.20   - 0.39240  

  0.30   - 0.34235  

  0.40   - 0.27997  

  0.50   - 0.21388  

  0.60   - 0.15190  

  0.70   - 0.09877  

  0.80   - 0.05599  

  0.90   - 0.02288  

  1.00    0.00509  

  1.10    0.01793  

  1.20    0.02691  

  1.30    0.03091  

  1.40    0.03136  

  1.50    0 .02938  

  1.60    0.02586  

  1.70    0.02146  

  1.80    0.01671  

  1.90    0.01198  

  2.00    0.00756  

  2.10    0.00367  

  2.20    0.00042  

  2.30   - 0.00211  

  2.40   - 0.00391  

  2.50   - 0.00500  

  2.60   - 0.00546  

  2.70   - 0.00536  

  2.80   - 0.00483  

  2.90   - 0.003 97 

  3.00   - 0.00292  

 

 

           Y   

  0.00   - 0.36080  

  0.10   - 0.34916  

  0.20   - 0.31450  

  0.30   - 0.26006  

  0.40   - 0.19239  

  0.50   - 0.12074  

  0.60   - 0.05379  

  0.70    0.00285  

  0.80    0.04702  

  0.90    0.07907  

  1.00    0.10140  

  1.10    0.10641  

  1.20    0.10148  

  1.30    0.09073  

  1.40    0.07667  

  1.50    0.06112  

  1.60    0.04543  

  1.70    0.03057  

  1.80    0.01724  

  1.90    0.00591  

  2.00   - 0.00318  

  2.10   - 0.00993  

  2.20   - 0.01441  

  2.30   - 0.01679  

  2.40   - 0.01732  

  2.50   - 0.01634  

  2.60    - 0.01419  

  2.70   - 0.01125  

  2.80   - 0.00787  

  2.90   - 0.00439  

  3.00   - 0.00108  

 

 

          La 

  0.00   - 0.33249  

  0.10   - 0.32339  

  0.20   - 0.29594  

  0.30   - 0.25208  

  0.40   - 0.19625  

  0.50   - 0.13544  

  0.60   - 0.07684  

  0.70   - 0.02554  

  0.80    0. 01610  

  0.90    0.04796  

  1.00    0.05113  

  1.10    0.08112  

  1.20    0.08161  

  1.30    0.07648  

  1.40    0.06780  

  1.50    0.05712  

  1.60    0.04562  

  1.70    0.03415  

  1.80    0.02336  

  1.90    0.01370  

  2.00    0.00546  

  2.10   - 0.00119  

  2.20   - 0.0062 1 

  2.30   - 0.00964  

  2.40   - 0.01159  

  2.50   - 0.01226  

  2.60   - 0.01183  

  2.70   - 0.01057  

  2.80   - 0.00871  

  2.90   - 0.00648  

  3.00   - 0.00412  
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            Ti  

  0.00   - 0.66456  

  0.10   - 0.64347  

  0.20   - 0.58312  

  0.30   - 0.49145  

  0.40   - 0.38359  

  0.50   - 0.27577  

  0.60   - 0.17915  

  0.70   - 0.09768  

  0.80   - 0.03000  

  0.90    0.02786  

  1.00    0.05010  

  1.10    0.10120  

  1.20    0.10804  

  1.30    0.10505  

  1.40    0.09490  

  1.50    0.07996  

  1.60    0.06231  

  1.70    0.04382  

  1.80    0.02607  

  1.90    0.01034  

  2.00   - 0.00245  

  2.10   - 0.01177  

  2.20   - 0.01743  

  2.30   - 0.01962  

  2.40   - 0.01882  

  2.50   - 0.01571  

  2.60   - 0.01110  

  2.70   - 0.00583  

  2.80   - 0.00067  

  2.90    0.00374  

  3.00    0.00695  

   

 

 

           Zr  

  0.00   - 0.55245  

  0.10   - 0.52769  

  0.20   - 0.45524  

  0.30   - 0.34779  

  0.40   - 0.22429  

  0.50   - 0.10567  

  0.60   - 0.00700  

  0.70    0.06531  

  0.80    0.11 149  

  0.90    0.13520  

  1.00    0.14189  

  1.10    0.12563  

  1.20    0.09995  

  1.30    0.07140  

  1.40    0.04376  

  1.50    0.01945  

  1.60   - 0.00014  

  1.70   - 0.01435  

  1.80   - 0.02319  

  1.90   - 0.02709  

  2.00   - 0.02683  

  2.10   - 0.02341  

  2.20   - 0.01790  

  2.30   - 0.01134  

  2.40   - 0.00469  

  2.50    0.00129  

  2.60    0.00603  

  2.70    0.00921  

  2.80    0.01073  

  2.90    0.01068  

  3.00    0.00933  

   

 

 

            Hf  

  0.00   - 0.56900  

  0.10   - 0.54446  

  0.20   - 0.47198  

  0.30   - 0.36478  

  0.40   - 0.24160  

  0.50   - 0.12327  

  0.60   - 0.02457  

  0.70    0.04835  

  0.80    0.09593  

  0.90    0.12198  

  1.00    0.13199  

  1.10    0.11871  

  1.20    0.09608  

  1.30    0.07030  

  1.40    0.04498  

  1.50    0.02247  

  1.60    0.00413  

  1.70   - 0.00939  

  1.80   - 0.01804  

  1.90    - 0.02218  

  2.00   - 0.02253  

  2.10   - 0.01996  

  2.20   - 0.01544  

  2.30   - 0.00992  

  2.40   - 0.00426  

  2.50    0.00084  

  2.60    0.00489  

  2.70    0.00760  

  2.80    0.00888  

  2.90    0.00882  

  3.00    0.00764  
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            V 

  0.00   - 0.90308  

  0.10   - 0.86885  

  0.20   - 0.77106  

  0.30   - 0.62873  

  0.40   - 0.46956  

  0.50   - 0.31965  

  0.60   - 0.19407  

  0.70   - 0.09646  

  0.80   - 0.02360  

  0.90    0.03034  

  1.00    0.07180  

  1.10    0.08656  

  1.20    0.08946  

  1.30    0.08448  

  1.40    0.07445  

  1.50    0.06155  

  1.60    0.04745  

  1.70    0.03343  

  1.80    0.02046  

  1.90    0.00922  

  2.00    0.00016  

  2.10   - 0.00653  

  2.20   - 0.01084  

  2.30   - 0.01293  

  2.40   - 0.01310  

  2.50   - 0.01174  

  2.60   - 0.00932  

  2.70   - 0.00627  

  2.80   - 0.00305  

  2.90   - 0.00002  

  3.00    0.00251  

   

 

 

          Nb 

  0.00   - 0.76137  

  0.10   - 0.71983  

  0.20   - 0.60176  

  0.30   - 0.43427  

  0.40   - 0.25366  

  0.50   - 0.093 29 

  0.60    0.02823  

  0.70    0.10728  

  0.80    0.14917  

  0.90    0.16243  

  1.00    0.15617  

  1.10    0.12266  

  1.20    0.08368  

  1.30    0.04691  

  1.40    0.01631  

  1.50   - 0.00623  

  1.60   - 0.02033  

  1.70   - 0.02669  

  1.80   - 0.02672  

  1.90   - 0.02222  

  2.00   - 0.01509  

  2.10   - 0.00712  

  2.20    0.00025  

  2.30    0.00599  

  2.40    0.00952  

  2.50    0.01073  

  2.60    0.00988  

  2.70    0.00749  

  2.80    0.00423  

  2.90    0.00080  

  3.00   - 0.00222  

   

 

 

          Ta        

  0.00   - 0.76137  

  0.10   - 0.7206 0 

  0.20   - 0.60459  

  0.30   - 0.43976  

  0.40   - 0.26155  

  0.50   - 0.10265  

  0.60    0.01869  

  0.70    0.09886  

  0.80    0.14308  

  0.90    0.15972  

  1.00    0.15783  

  1.10    0.12675  

  1.20    0.08946  

  1.30    0.05356  

  1.40    0.02305  

  1.50   - 0.00006  

  1.60   - 0.01524  

  1.70   - 0.02297  

  1.80   - 0.02447  

  1.90   - 0.02136  

  2.00   - 0.01539  

  2.10   - 0.00826  

  2.20   - 0.00138  

  2.30    0.00422  

  2.40    0.00791  

  2.50    0.00951  

  2.60    0.00916  

  2.70    0.00731  

  2.80    0.00452  

  2.90    0.00143  

  3.00    - 0.00140  
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         Cr  

  0.00   - 0.71129  

  0.10   - 0.68039  

  0.20   - 0.60111  

  0.30   - 0.48580  

  0.40   - 0.36147  

  0.50   - 0.24972  

  0.60   - 0.16038  

  0.70   - 0.09172  

  0.80   - 0.03562  

  0.90    0.01773  

  1.00    0.07760  

  1.10    0.09416  

  1.20    0.09485  

  1.30    0.08365  

  1.40    0.06465  

  1.50    0.04200  

  1.60    0.01957  

  1.70    0.00053  

  1.80   - 0.01302  

  1.90   - 0.02016  

  2. 00   - 0.02119  

  2.10   - 0.01736  

  2.20   - 0.01055  

  2.30   - 0.00283  

  2.40    0.00395  

  2.50    0.00849  

  2.60    0.01016  

  2.70    0.00909  

  2.80    0.00596  

  2.90    0.00183  

  3.00   - 0.00218  

   

        Mo 

  0.00   - 0.94360  

  0.10   - 0.88754  

  0.20   - 0. 72701  

  0.30   - 0.50794  

  0.40   - 0.28216  

  0.50   - 0.09251  

  0.60    0.04200  

  0.70    0.12248  

  0.80    0.16001  

  0.90    0.16793  

  1.00    0.15866  

  1.10    0.11746  

  1.20    0.07430  

  1.30    0.03681  

  1.40    0.00836  

  1.50   - 0.01014  

  1.60   - 0.0194 1 

  1.70   - 0.02119  

  1.80   - 0.01775  

  1.90   - 0.01145  

  2.00   - 0.00440  

  2.10    0.00181  

  2.20    0.00614  

  2.30    0.00818  

  2.40    0.00806  

  2.50    0.00628  

  2.60    0.00353  

  2.70    0.00058  

  2.80   - 0.00194  

  2.90   - 0.00359  

  3.00   - 0.00418  

   

          W        

  0.00   - 0.93768  

  0.10   - 0.88073  

  0.20   - 0.71821  

  0.30   - 0.49739  

  0.40   - 0.27135  

  0.50   - 0.08338  

  0.60    0.04765  

  0.70    0.12310  

  0.80    0.15423  

  0.90    0.15441  

  1.00    0.13591  

  1.10    0.09441  

  1.20    0.05301  

  1.30    0.01872  

  1.40   - 0.00567  

  1.50   - 0.01979  

  1.60   - 0.02485  

  1.70   - 0.02301  

  1.80   - 0.01682  

  1.90   - 0.00876  

  2.00   - 0.00093  

  2.10    0.00519  

  2.20    0.00880  

  2.30    0.00977  

  2.40    0.00847  

  2.50    0.00563  

  2.60    0.00214  

  2.70    - 0.00119  

  2.80   - 0.00370  

  2.90   - 0.00501  

  3.00   - 0.00506  
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            Mn 

  0.00   - 0.53706  

  0.10   - 0.51850  

  0.20   - 0.46434  

  0.30   - 0.38205  

  0.40   - 0.28480  

  0.50   - 0.18810  

  0.60   - 0.10381  

  0.70   - 0.03732  

  0.80    0.01144  

  0.90    0.04559  

  1.00    0.10052  

  1.10    0.07356  

  1.20    0.06841  

  1.30    0.05830  

  1.40    0.04587  

  1.50    0.03297  

  1.60    0.02088  

  1.70    0.01041  

  1.80    0.00205  

  1.90   - 0.00403  

  2.00   - 0.00787  

  2.10   - 0.00969  

  2.20   - 0.00984  

  2.30   - 0.00871  

  2.40   - 0.00674  

  2.50   - 0.00435  

  2.60   - 0.00191  

  2.70    0.00028  

  2.80    0.00202  

  2.90    0.00318  

  3.00    0.00373  

   

 

 

          Tc 

  0.00   - 1.10978  

  0.10   - 1.03215  

  0.20   - 0.81988  

  0.30   - 0.54146  

  0.40   - 0.27322  

  0.50   - 0.06870  

  0.60    0.05518  

  0.70    0.10713  

  0.80    0.10586  

  0.90    0.07021  

  1.00    0.01505  

  1.10   - 0.02116  

  1.20   - 0.04538  

  1.30   - 0.05539  

  1.40   - 0.05279  

  1.50   - 0.04123  

  1.60   - 0.02513  

  1.70   - 0.00866  

  1.80    0.00492  

  1.90    0.01367  

  2.00    0.01702  

  2.10    0.01557  

  2.20    0.01078  

  2.30    0.00444  

  2.40   - 0.00168  

  2.50   - 0.00623  

  2.60   - 0.00846  

  2.70   - 0.008 28 

  2.80   - 0.00615  

  2.90   - 0.00290  

  3.00    0.00054  

   

 

 

          Re        

  0.00   - 1.08882  

  0.10   - 1.01717  

  0.20   - 0.81991  

  0.30   - 0.55761  

  0.40   - 0.29866  

  0.50   - 0.09209  

  0.60    0.04582  

  0.70    0.12240  

  0.80    0.15461  

  0.90    0. 15993  

  1.00    0.15317  

  1.10    0.11107  

  1.20    0.06918  

  1.30    0.03432  

  1.40    0.00901  

  1.50   - 0.00656  

  1.60   - 0.01367  

  1.70   - 0.01442  

  1.80   - 0.01116  

  1.90   - 0.00610  

  2.00   - 0.00101  

  2.10    0.00291  

  2.20    0.00507  

  2.30    0.0054 5 

  2.40    0.00438  

  2.50    0.00246  

  2.60    0.00031  

  2.70   - 0.00151  

  2.80   - 0.00264  

  2.90   - 0.00294  

  3.00   - 0.00249  
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            Fe 

  0.00   - 0.71604  

  0.10   - 0.68697  

  0.20   - 0.60360  

  0.30   - 0.48243  

  0.40   - 0.34784  

  0.50   - 0.22426  

  0.60   - 0.12694  

  0.70   - 0.06027  

  0.80   - 0.02136  

  0.90   - 0.00432  

  1.00   - 0.00289  

  1.10   - 0.00163  

  1.20   - 0.00426  

  1.30   - 0.00798  

  1. 40   - 0.01108  

  1.50   - 0.01274  

  1.60   - 0.01277  

  1.70   - 0.01135  

  1.80   - 0.00891  

  1.90   - 0.00595  

  2.00   - 0.00296  

  2.10   - 0.00034  

  2.20    0.00166  

  2.30    0.00289  

  2.40    0.00335  

  2.50    0.00317  

  2.60    0.00250  

  2.70    0.00156  

  2.80    0.00057  

  2.90   - 0.00031  

  3.00   - 0.00095  

   

 

 

          Ru 

  0.00   - 0.78950  

  0.10   - 0.74293  

  0.20   - 0.60802  

  0.30   - 0.41958  

  0.40   - 0.21928  

  0.50   - 0.04526  

  0.60    0.08193  

  0.70    0.15890  

  0.80    0.19216  

  0.90    0.19155  

  1.00    0. 16725  

  1.10    0.11930  

  1.20    0.06914  

  1.30    0.02534  

  1.40   - 0.00810  

  1.50   - 0.02979  

  1.60   - 0.04020  

  1.70   - 0.04106  

  1.80   - 0.03485  

  1.90   - 0.02436  

  2.00   - 0.01226  

  2.10   - 0.00085  

  2.20    0.00822  

  2.30    0.01397  

  2.40    0.0161 5 

  2.50    0.01509  

  2.60    0.01158  

  2.70    0.00663  

  2.80    0.00134  

  2.90   - 0.00334  

  3.00   - 0.00672  

   

          Os        

  0.00   - 0.77332  

  0.10   - 0.73125  

  0.20   - 0.60732  

  0.30   - 0.43343  

  0.40   - 0.24646  

  0.50   - 0.08130  

  0.60    0.042 66 

  0.70    0.12174  

  0.80    0.16155  

  0.90    0.17103  

  1.00    0.14624  

  1.10    0.12185  

  1.20    0.07944  

  1.30    0.04047  

  1.40    0.00894  

  1.50   - 0.01341  

  1.60   - 0.02645  

  1.70   - 0.03116  

  1.80   - 0.02929  

  1.90   - 0.02295  

  2.00   - 0.01429  

  2.10   - 0.00523  

  2.20    0.00268  

  2.30    0.00844  

  2.40    0.01157  

  2.50    0.01210  

  2.60    0.01043  

  2.70    0.00725  

  2.80    0.00336  

  2.90   - 0.00048  

  3.00   - 0.00361  

   

 



 

35 

Proceedings of the Second International  Seminar on Theoretical Physics & National 

Development, July 5 - 8, 2009, Abuja, Nigeria 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

          Co 

  0.00   - 0.57002  

  0.10   - 0.55102  

  0.20   - 0.49688  

  0.30   - 0. 41429  

  0.40   - 0.31688  

  0.50   - 0.21990  

  0.60   - 0.13454  

  0.70   - 0.06538  

  0.80   - 0.01169  

  0.90    0.03008  

  1.00    0.06483  

  1.10    0.07579  

  1.20    0.07655  

  1.30    0.07056  

  1.40    0.06033  

  1.50    0.04781  

  1.60    0.03456  

  1.70    0.0217 9 

  1.80    0.01041  

  1.90    0.00107  

  2.00   - 0.00589  

  2.10   - 0.01035  

  2.20   - 0.01244  

  2.30   - 0.01246  

  2.40   - 0.01087  

  2.50   - 0.00817  

  2.60   - 0.00492  

  2.70   - 0.00163  

  2.80    0.00129  

  2.90    0.00352  

  3.00    0.00489  

   

          Rh 

  0. 00   - 0.64843  

  0.10   - 0.61477  

  0.20   - 0.51660  

  0.30   - 0.37439  

  0.40   - 0.21570  

  0.50   - 0.06871  

  0.60    0.04849  

  0.70    0.12994  

  0.80    0.17797  

  0.90    0.19859  

  1.00    0.19948  

  1.10    0.16695  

  1.20    0.12512  

  1.30    0.08268  

  1.40    0.04437  

  1.50    0.01296  

  1.60   - 0.01026  

  1.70   - 0.02508  

  1.80   - 0.03217  

  1.90   - 0.03278  

  2.00   - 0.02853  

  2.10   - 0.02117  

  2.20   - 0.01240  

  2.30   - 0.00371  

  2.40    0.00376  

  2.50    0.00922  

  2.60    0.01232  

  2.70    0.01306  

  2.80    0. 01175  

  2.90    0.00893  

  3.00    0.00523  

   

 

          Ir        

  0.00   - 0.76953  

  0.10   - 0.72776  

  0.20   - 0.60472  

  0.30   - 0.43199  

  0.40   - 0.24615  

  0.50   - 0.08184  

  0.60    0.04167  

  0.70    0.12064  

  0.80    0.16061  

  0.90    0.17042  

  1.00    0.15124  

  1.10    0.12208  

  1.20    0.07999  

  1.30    0.04118  

  1.40    0.00967  

  1.50   - 0.01277  

  1.60   - 0.02598  

  1.70   - 0.03091  

  1.80   - 0.02927  

  1.90   - 0.02311  

  2.00   - 0.01458  

  2.10   - 0.00559  

  2.20    0.00234  

  2.30    0.00817  

  2.40     0.01140  

  2.50    0.01204  

  2.60    0.01048  

  2.70    0.00739  

  2.80    0.00355  

  2.90   - 0.00028  

  3.00   - 0.00345  
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            Ni  

  0.00   - 0.57671  

  0.10   - 0.55718  

  0.20   - 0.50162  

  0.30   - 0.41714  

  0.40   - 0.31792  

  0.50   - 0.21959  

  0.60   - 0.13343  

  0.70   - 0.06390  

  0.80   - 0.01009  

  0.90    0.03175  

  1.00    0.13078  

  1.10    0.07728  

  1.20    0.07766  

  1.30    0.07130  

  1.40    0. 06073  

  1.50    0.04791  

  1.60    0.03443  

  1.70    0.02149  

  1.80    0.01003  

  1.90    0.00068  

  2.00   - 0.00622  

  2.10   - 0.01057  

  2.20   - 0.01253  

  2.30   - 0.01241  

  2.40   - 0.01069  

  2.50   - 0.00790  

  2.60   - 0.00460  

  2.70   - 0.00131  

  2.80    0.0015 5 

  2.90    0.00368  

  3.00    0.00492  

   

          Pd 

  0.00   - 0.47233  

  0.10   - 0.45415  

  0.20   - 0.40386  

  0.30   - 0.32860  

  0.40   - 0.24306  

  0.50   - 0.16299  

  0.60   - 0.09977  

  0.70   - 0.05790  

  0.80   - 0.03636  

  0.90   - 0.03121  

  1.00    0.03413  

  1. 10   - 0.03468  

  1.20   - 0.03179  

  1.30   - 0.02845  

  1.40   - 0.02418  

  1.50   - 0.01906  

  1.60   - 0.01349  

  1.70   - 0.00803  

  1.80   - 0.00320  

  1.90    0.00059  

  2.00    0.00311  

  2.10    0.00433  

  2.20    0.00439  

  2.30    0.00355  

  2.40    0.00217  

  2.50    0.00060  

  2.60   - 0.00085  

  2.70   - 0.00193  

  2.80   - 0.00252  

  2.90   - 0.00257  

  3.00   - 0.00216  

   

 

          Pt        

  0.00   - 0.46517  

  0.10   - 0.45458  

  0.20   - 0.42421  

  0.30   - 0.37460  

  0.40   - 0.31066  

  0.50   - 0.23902  

  0.60   - 0.16532  

  0.70    - 0.09212  

  0.80   - 0.01880  

  0.90    0.05734  

  1.00    0.14114  

  1.10    0.16813  

  1.20    0.17500  

  1.30    0.16605  

  1.40    0.14518  

  1.50    0.11645  

  1.60    0.08384  

  1.70    0.05105  

  1.80    0.02126  

  1.90   - 0.00315  

  2.00   - 0.02070  

  2.10   - 0.03086  

  2.20   - 0.03399  

  2.30   - 0.03120  

  2.40   - 0.02413  

  2.50   - 0.01464  

  2.60   - 0.00461  

  2.70    0.00435  

  2.80    0.01104  

  2.90    0.01479  

  3.00    0.01549  
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3.4  Application of TMMP to Computation of Phonon 
Spectrum of Cobalt. 

As an example of the application of the table of form factors, it is useful to 

rehearse the computation of the phonon frequencies in a metal based on Toyaôs 

self consistent field method[41].  One sets up the dynamical matrix, 

erc DDDq lmlmlmlm -+=)(D
C

,    (3.4.1)      

from which the corresponding phonon frequencies may be written as: 

2222

erc wwww -+=               (3.4.2)            

where i

i DM 12 -¹w  (i=c, r, e), and c labels the Coulombic part, r the repulsive 

part; and  e the electronic part.  In the small ion core approximation, there is no 

exchange-overlap interaction, and Eq. (3.4.2) reduces to: 

      222

ec www -¹      (3.4.3) 

Since the Coulombic contribution, 2

cw  is well known (see, for example ref.[13]) 

for cubic crystals, the phonon frequencies 2w  defined by Eq. (3.4.3) can be 

evaluated by computing 2ew  from the expression(Cochran[42]: 
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 where H
C

  is a reciprocal lattice vector, and the function )(qG
G

 is  given by: 
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where FF

b kkqq
CCG

)vvv()(v ccocM +++¹  is the form factor of the full bare ion 

model-potential, aeff is the orthogonalization charge linked with Voc; and Í(q) is 

the usual Hubbard-Sham modification for exchange and correlation via the 

function f(q) given by Eq.(3.3.5). 

In the past three decades, the above TMMP formalism has been used for 

computing the phonon frequencies for a number of transition metals[43] based on 

mainframe Fortran 44 programme. Recently, however, this programme has been 
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modified by Essien[13]  to Fortran77 version for laptops. For this reason, suffice 

it to display in Fig. 3.2 the phonon frequencies of face-centered cubic cobalt along 

the [001], [011] and [111] high symmetry directions computed from Eqs.(3.4.3) 

and (3.4.4) by Essien[13] using the same laptop programme that we have used in 

this paper to generate and cross-check our Table 3.2 of TMMP form factors  with  

the mainframe unpublished results obtained in 1973 by Animalu[12,13].  

 

 

 

 

The good agreement between theory and experiment confirms the continued 

effectiveness of the TMMP method for exploring the various aspects of the 

electronic structure and properties of the transition and rare-earth metals. 
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4.  EXPERIMENTAL VERIFICATION AND CRITIQUE OF THE 

PSEUDOPOTENTIAL THEORY 

4.1 Experimental Verification  

In the Preface to his 1966-published book entitled Peudopotentials in the 

Theory of Metals, Harrison[8] described pseudopotential theory as the ñsingle 

point of view from which virtually all the properties of simple (non-transition) 

metals may be studiedò. This statement was conifirmed at about the same time by 

further applications of the model potential by Heine and co-workers[44] and 

empirical pseudo potentials by M.L. Cohen and co-workers[45], to mention a few. 

Our limited review in Sec. 3.4 of successful applications of the subsequent 

generalization of the theory to the transiton and rare-earth metals as transition-

metal model potential (TMMP) was intended to show that the same verdict 

applies not only to the simple metals but to all metals.  

Nevertheless, there are shortcomings of the pseudopotential theory 

especially the approximate of uniform electron gas density incorporated in the 

ñcorrelation correctionò (2.3.23) which have dictated the need to extend the 

principles Hartree-Fock method developed by Kohn and Sham[18] known as the 

density functional theory (DFT) in a number of important areas, such as the 

estimation of the band gaps of semiconductors and insulators[46]. A more serious 

short-coming is associated with the ñorthogonalization correctionò(2.3.22) which 

deserves further clarification to which we now turn.  

 

4.2 Critique of Pseudopotential Theories and New Vistas 

In spite of the experimental verification of the pseudopotential theory in 

metal physics, the non-unitary character of pseudopotential transformation makes 

the theory unsatisfactory as a quantum theory inasmuch as non-unitary theories 

violate conservation of probability and hence conservation of electric charge, 

which is the source of the ñorthogonalization correctionò, and it also violates to 

some extent Pauliôs exclusion principle. It is no wonder then that, beginning from 

early 1990s,  considerable  effort [14] has gone into bringing the pseudopotential 

theory in line with generalizations of non-unitary theories into iso-unitary ones in 

the framework of the discipline of ñhadronic mechanicsò. 

To highlight the main novel feature of the new vista that has emerged, consider a 

pseudopotential of Austin-Heine-Sham form[5] arising from orthogonalization of 

a pseudowave to an arbitrary  functional of a singlet core function Rr

c e /-´y  and 

a pseudowave function, )1( / Rre--f́  so that in Eq.(2.3.11a) we have: 
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where HV  is a  Huthen-type model potential. By using the formal expansion, 
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 one readily finds the Fourier transform[47]: 
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Note, in contrast, that the Fourier transform of Coulomb ( r/1 )-potential is 

proportional to 2/1 q .  

If we expand Rre /- to first order in the denominator, we get  
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 i.e., an approximate Yukawa potential. And it happens that one can solve exactly 

the Schrodinger equation for a two-particle bound state problem in the exact 

Hulthen potential ( HV )  and find just a single low-lying bound level that permitted 

Santilli[48] in 1978 to identify a compressed positronium )( -+-ee  atom  with 

the neutral pion ( 0p ) and the compressed hydrogen atom ( )-+-ep  with the 

(Rutherford-Santilli) neutron at inter-paticle separation of order cm10 13

0

-ºr . A 

consistent way of reformulating the underlying non-unitary pseudopotential 

theory into an axiomatically consistent (iso-unitary) theory gave birth to the 

discipline of ñhadronic mechanicsò[48]. The dividend for condensed matter 

physics was realized when Animalu[14] developed a similar solution of a Hulthen 
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potential model of  a Cooper pair[14],  
HV)( ¬--®= -+- eCueCP z , in the high-

Tc superconducting cuprate materials, which correctly predicted the dependence 

of Tc on the effective valence (z) of the copper ion ñtriggerò in the framework of 

ñhadronic mechanicsò. An elebaoration of this theory to the iron pnictides by 

Animalu, Akpojotor and Ironkwe[14] will be presented in this Seminar. But the 

intriguing new vista is the extension of model (Hulthen) potential theory to  the 

wide  range of interparticle separation, )(10)(10 138 cmrcm -- ²² , of interest for 

exploring the state of condensed matter from absolute zero to million degrees (K). 

One of the outstanding problems (of high temperature superconductivity) in this 

regime is to explain the coexistence of  electron and proton superconductivity in  

a neutron star (represented as condensed 2H  system based on the self-explanatory 

analogy sketched in Fig.3.3, in which the electron Cooper pair mediates proton 

Cooper pairing. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(a) 

Fig. 3.3(a): Attractive proton -proton interaction mediated by  

virtual ñphononò exchange in the conventional BCS model; (b) 

Attractive proton -proton pairing due to overlapping  of proton 

wave functions around  electron pair HMeeCP ),(~ ®¬ --    

ñtriggerò in 1s
2
 -state envisaged in ñhadronicò superconductivity 

.model. 
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5. SUMMARY AND CONCLUSION 

We have reviewed the theoretical and practical aspects of pseudopotential 

and model potential theories of simple and transition metals in the past fifty years, 

in order to provide adequate details required for effective use of the method and 

the tables of model potential form factors in contemporary computational solid 

state physics. The review has also provided an opportunity to introduce an 

unequivocal extension of pseudopotential (non-unitary) transformation theory 

from its foundation in atomic/molecular structure calculations of 20
th
 C solid state 

physics to nuclear/subnuclear structure problems of 21
st
 Century theoretical 

physics now in progress.  Our conclusion is a re-affirmation of Harrisonôs dictum 

cited earlier that pseudopotential theory remains the single point of view from 

which virtually all the properties of condensed matter characterized by 

interparticle separation in the range )(10)(10 138 cmrcm -- ²²  may be studied. 
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Abstract 

 

After years of successful application of the pseudo and model potential 

representation of electron-phonon interaction to conventional Bardeen-Cooper-

Schrieffer (BCS) theory of superconductivity, herein called the standard model, 

we have developed a generalization (herein called isostandard or iso-

superconductivity model) that not only explains the differences between 

conventional and high-Tc superconductivity in the cuprates but also permits, in 

this paper, successful applications to the new high- Tc iron pnictides and toMgB2. 

PACS numbers: 74.70.-b, 74.20.Mn,74.62.-c 

1. INTRODUCTION 

The discoveries by Berdnoz and Muller
1
 in 1986 at IBM Zurich of 

superconducting phase transition in a family of ceramic oxide materials and by 

Wu et al
2
 in 1987 in the 1-2-3 compound, (cuprates with structural formula, 

xnmOCu -(...) ) at rather high critical temperatures (Tc) of 35K and 95K 

respectively, opened up the field of experimental and theoretical high-Tc 

superconductivity research which has remained very active to date. In addition to 

the 2001 discovery
3 

of high-TC of order 35K inMgB2, the more recent discovery 

of superconductivity in the iron-based compounds
4
 - iron oxypnictides/single 

layered LnOMPn (Ln = La, Ce, Pr, Nd, Sm, Gd, Tb, Dy, Ho and Y: M = Mn, Fe, 
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Co and Ni: Pn = P and As)
5
; oxyfree-pnictides/single layered AMPn (A = LnO = 

Li and Na: M = Mn, Fe, Co and Ni: Pn = P and As
6
; oxyfreepnictides/double 

layered ALM2Pn2 (AL = Ba, Sr, Ca: M=Mn, Fe, Co and Ni: Pn = P and As
7,8

 and 

chalcogen/nonlayered MCn (M = Mn, Fe, Co and Ni: Cn = S, Se and Te)
9,10

 has 

heightened interest in developing a suitable generalization of the Bardeen-

Cooper-Schrieffer (BCS) model of superconductivity in simple metallic systems 

for understanding the coexistence
11

 of superconductivity and magnetic order in 

these solid compounds. The prospect of finding such a generalization is now 

brighter than ever for the following reason: just as high-TC superconductivity in 

the cuprates is known to be a two-band phenomenon involving the copper 3d and 

oxygen 2p bands of the CuO2 planes, but was reduced to an effective single band 

pairing problem by Anderson
12

 in 1987 via his doped resonant valence 

bond(RVB) model and its generalization by Zhang and Rice
13

 in 1988 to the t ï J 

model, so also is high- Tc superconductivity in the iron-based compounds known 

to involve multi-orbital effects of the Fe-3d with filling of approximately six 

electrons per Fe-site in the pnictides, but has been shown in the 2009 

selfconsistent fluctuation exchange (FLEX) model by Zhang et al
14

 to be 

reducible to an orbital s(ŷ, Ź) coupling affair also known as the °s  state
15

. 

 

Our proposed generalization in this paper is based on the observation by 

Animalu
16

 in 1991 and its elaboration
17

 in 1994 under the name iso-

superonductivity that the Cooper pair of the standard BCS model may have a 

nonlocal nonhamiltonian structure CP = (eīŷ, eī Ź) HM  equivalent to the strong 

interaction (òhadronicò mechanics (HM)) structure of the neutral pion, as 

compressed positronium atom, 0p  = (e+ŷ, eīŹ) HM , proposed by Santilli
18

 in 

1978, i.e. an extended structure arising from the mutual overalpping/penetration 

of the wavefunctions of the constituents of the pair. The result is an effective 

generalization of the pseudo or model potential representation of electron-phonon 

interaction in the standard BCS model in such a way that whereas the Feynman 

graph for electron-electron scattering leading to net attraction, i.e., Cooper pairing 

in the BCS model is mediated by virtual phonon exchange (as shown in Fig. 1a), 

the situation in the iso-superconductivity model for a high-TC cuprate materials, 

xnmOCu -(...) , is that a +zCu ion of effective valence, z ſ 2(n ī x)/m (or +zFe  for 

appropriate value of z in the iron pnictides) provides a òtriggerò for the 

overlapping (i.e., òcovalentò mixing) of electron wavefunctions to form a singlet 

pair, (eīŹ, eīŷ)HM (see, Fig.1b). The main features of the transition from the BCS 

model to the isosuperconductivity model and its prediction for TC will be 

presented in Sec.2. 
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In models that propose to unite superconducting and antiferromagnetic phases in a 

larger symmetry group, SO(2N), an outstanding problem has been their 

inconclusive nature due to the inability to exactly diagonalize the model 

Hamiltonians. However, in 1992 C.N. Animalu
19

 proposed an alternative exact 

method for diagonalizing any second-quantized Hamiltonian model for arbitrary 

N-electron system based on 2
N
×2

N
- matrix representation of the electron creation 

and annihilation operators suggested in 1961 by Thouless
20

. Such a representation 

(which we shall skip for simplicity) is of considerable interest because it provides 

a 2
N
-dimensional spinor representation of the group, SO(2N), corresponding to 

the groups, SO(8) for N = 4 and SO(10) for N = 5, the latter being realized for a 

lattice of 32 × 32 sites that has been employed by Zhang et al
14

 in their 2009 

solution of the FLEX equation on imaginary frequency axis. These SO(2N) 

groups are among the groups that matter in string/superstring theories
21

. In Sec. 3, 

we shall recapitulate the experimental verification of the predictions of TC by the 

isosuperconductivity theory in the cuprates and present, for the first time, the 

corresponding verification for the pnictides, as well as for MgB2, leading as a 

consequence, to a useful semi-empirical formula for designing superconductors 

with Periodic Table-based maps and material databases in the current search for 

room temperature superconductors. Conclusions will be drawn in Sec. 4. 

 
FIG. 1: (a) Attractive electron-electron interaction mediated by virtual  

phonon exchange in the conventional BCS model; (b) attractive electron-

electron pairing due to overlapping of electron wave functions around 

Cu
z+

 or Fe
z+

 ion òtriggerò in orbital s(ŷ,Ź)ïstate envisaged in iso-

superconductivity model. 
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2. THE ISOSUPERCONDUCTIVITY MODEL 

As a prelude to the definition and characterization of the isosuperconductivity 

model, we begin in this section with a brief review of the conventional/non-

conventional models of superconductivity. 

 

  Review of Conventional and Non-conventional Models 

Because the conventional/non-conventional quantum mechanics models of 

superconductivity are based on second quantization formalism in both Bloch (k-

space) and Wannier (r-space) representations, it should be recalled that one can 

formally transform the BCS model for superconductivity at low temperatures 

given in the Bloch reprsentation by  

,
'

'''ää ¬®-

+

®-

+

¬

+ -=
kk

kkkkkk

k

kkkBCS ccccVccH
s

sse
 (2.1a) 

into the Wannier representation 
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This is achieved by making the following substitutions: 
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where ss jiij ccn +=  and by using the following approximations 

 

,/     ;2 '' UUNVttt ijklkkijkkkk =­-=­-=e    (2.3) 

where  imjijt ff )( 2

2

2

Ð-=- >  is the hopping matrix wlwmwnt while the 

electron-electron interaction energy is derived from the general expression 

ä ++

ijkl

ilkjijkl ccccU
2

1
 

where 
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*
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1 rrrrrrdrdr 212 lkeeijijkl VU ffff -=ñ  

 

 

is the matrix element of the effective Coulomb interaction betweenWannier states 

on different sites, )()( iRrr -¹ffi . Finally, from the Hubbard-type Hamiltonian 

form in Eq.(2.1b), the t ī J model for high-TC close to half-filling is abstracted in 

the form 

( ) ( )[ ] ( )ää -++---= +

-

ij

ji

ij

jjiiJt nnJchnccntH
4
1

,

..11 ji .ss
s

ssss  (2.4) 

 

2.2.  Definition of the Isosuperconductivity Model 

 

In its simplest non-relativistic form, the isostandard model of 

superconductivity
16,17

 is a generalization of the Lurie-Cremer
22

 quasiparticle wave 

equation, 

13

2

2

1
      ),,(),( tt D+¹Y=Y

µ

µ
prr

m
HtHt

t
i   (2.5) 

via the non-unitary (òisotopic liftingò) transformation of the underlying òmetricò 

(g), 

g
T
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ç

å
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0

01
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10

01
33 tt    (2.6) 

which is characterized by a nonlocal integral (pseudopotential) opertar defined by 

 

[ ] )'()'()()'(')( **3*
rrrr

®¬¬®
--=ñ yyydy rrrdT  (2.7) 

 

where  )(*
r

¬
y  and  )(r

®
y  are the two spinor components of the quasi-particle 

wavefunction  )0,(rY  in the Nambu representation, mp 2/2  being the kinetic 

energy operator (measured from the Fermi level) and D is the pair potential energy. It 

is apparent from Eq. (2.7) that when the overlap integrals or òorthogonalization 

termò 

¬®¬®
¹=ñ yyyy **3 )'()'('2

1

rrrdZ    (2.8) 

Is zero, T reduces to unity and we recover the standard (BCS) model exactly. 

Since we may rewrite T in the form 
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*1
¬®

-= yyT     (2.9a) 

so that TT =2  if  0* ¸
¬®
yy , the physical effect of  T is that the charge on the 

¬-e  reprsentated by the expectation value of T, i.e.,  

ZT -=
®®

1* yy     (2.9b) 

is ñdepletedò by an amunt Z (called the ñorthogonalization chargeò) whereas the 

charge on ®-e  appears to vanish, i.e., 

0* =
¬¬
yy T     (2.9c) 

 

In other words, ¬-e  behaves like a neutral spin-
2
1 quasiparticle (spinion) while 

®-e behaves like a fractionally-charged quasiparticle (òanyonò).  

 

Consequently, in the solid state where the wavefunction ),( trsy  to which 

the nonlocal transformation in Eq.(2.6) is to be applied is related to the )(rif  and 

)(tcks  of the secondquantized formulation by  

ä= )()(),( rtctr ik fy ss    (2.10) 

the corresponding transformation of the corresponding creation and annihilation 

operators, +

skc  and skc , into iso-creationand iso-annihilation operators, is defined 

by 

sssssss ikikikikikikik ccnncTc +++ =-¹=    ),1(Ĕ   (2.11) 

 

and similarly for sikcĔ   where =¬s  for =®s  and vice versa. This has the effect 

of transforming the hopping (kinetic energy) term exactly into 

ää ---=- ++

s

ssss

s

ss

,,

).1()1(ĔĔ
ij

jjii

ij

ji nccntcct   (2.12) 

as in Eq.(2.4) characterizing the t ī J model. It follows that the difference 

between the t ī J model and the isosuperconductivity model lies in the 

replacement of the U-term in Eq.(2.1b) by the Jīterm in the t ī J model (with the 

antiferromagnetic exchange constant UtJ /2=  via second-order perturbation 

theory). Typically, i(j) = d, p label electrons (bands) of Cu 3d and/or O 2p 

characters whose wavefunctions may overlap and/or bands hybridize; and (i(j) = 

1, 2, ...,N) in the nearest-neighbour electron transfer (hopping) integral. 
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By virtue of the transformation defined by Eq.(2.11), only single 

occupancy per spin site is permitted but double occupancy of an orbital site is not 

forbidden. Another feature of the second-quantized theory form of the iso-

creation and iso-annihilation operators is that the waveoverlapping is associated 

with the coexistence of a non-zero antiferromagnetic spin wave state, 0̧
¬

+

® ii
cc  

and Cooper pair state 0̧
®¬ ii

cc  under Gorôkovôs factorization of the products of 

three fermion creation and annihilation operators involved in the transformation 
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+-­¹
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iiiiiiiiiiii

iiiiij

cccccccccccc

ccccT

         

)1(

        (2.13) 

 

In this (mean field) sense, one can derive from the isosuperconductivity model 

one of the primary objectives of the t ï J model which is to describe the 

coexistence of superconductivity and antiferromagnetismin high-TC materials as a 

function of band filling. The most important difference between the tīJ model and 

the isosuperconductivity model lies in the ability of the latter to predict TC from 

an exact solution of the model, to which we now turn. 

 

 2.3. Prediction of TC 

In conventional BCS model, the determination of the critical temperature for 

superconductivity involves solving an integral equation for the energy gap. But 

the beauty of the isosuperconductivity model is that instead of an integral 

equation, the desired result comes from the self-consistent solution of the 

conventional Schrodinger equation for one spin state,( 
®
y ) say, 

 

( ) ,2/2

®®®®
=+¹ yyy EVmpH C    (2.15a) 

 

in the Coulomb field VC of the +zCu  ion òtriggerò in Fig. 1b, and an iso-

Schrodinger equation 

( ) ,2/2

¬¬¬¬
=+¹ yyy EVmpHT H    (2.15b) 

for the opposite spin state(
¬
y ), where T is the non-local (psuedopotential) 

integral operator defined by Eq.(2.7). This has the effect of replacing the 

Coulomb potential, VC , by an effective Hulthen potential, VH  in Eq.(2.15b) for 

(eī Ź, eī ŷ) pairing in a singlet state: 
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where 0V  is proportional to 
¬®
yy . From the exact solution of Eq.(2.15b), 

Animalu
16,17

 derived the following formula for the critical temperature having the 

general form: 

ù
ú

ø
é
ê

è
-

Q
=

1)
1

exp(
NV

T J

C     (2.16a) 

where NV reprsents the dimensionless coupling constant while 

 

)( DB

p

J
qdk e

w>
=Q     (2.16b) 

is the òjelliumò temperature, d = 1, 2, 3 being the effective dimensionality of the 

system. and )( Dqe  the Hatree dielectric function evaluated at the Debye 

wavenumber Dq . We observe that in the weak coupling limit NV < 1, we may 

express the result in the BCS form:  

 

)/1exp( NVT JC -Q=      (2.17a) 

But in the strong coupling limit, i.e. if NV > 1, we may expand the exponential in 

the denominator of Eq.(2.16a) to first order in 1/NV to get  

NVT JC Q=        (2.17b) 

Our interest is to show how accurately these results agree with 

experimental data to which we now turn. 

3.  EXPERIMENTAL VERIFICATION 

3.1. The Cuprates 

An explicit form of Eq.(2.17a) used in Ref. 16 for the verification 

with experimental data in the cuprates with structural 

formula xnmOCu -(...)  is: 
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where the effective valence z of the +zCu  ion is given by
m

xn
z

)(2 -
= . 

 

Table 1 Dependence of Tc on the effective valence z of +zCu  in the cuprates 

and +zFe  in the iron pnictides. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

55 

Proceedings of the Second International  Seminar on Theoretical Physics & National 

Development, July 5 - 8, 2009, Abuja, Nigeria 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

FIG. 2: Predicted dependencies of the Jellium temperature JQ  and the 

superconducting transition temperature Tc on the effective valence 

mxnz /)(2 -=   of  +zCu  ions in the family of compounds, xnmOCu -(...) are 

compared with experimental data (Å) as discussed in the ref.[17]. The 

experimental Debye temperatures of pure copper )(CuDQ  and pure 

vanadium )(VDQ are indicated. 
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As a further confirmation of the formula in Eq.(2.17a), we present in Tables 2-4 

and Fig. 3 another set of experimental data on the high-Tc doped compounds
23-25

, 

yxx OMnCuYBa -32 and d-- 7312 )( OMCuGdBa xx ,(M =Ni and Zn), in which the 

effects of the substitution of Cu by transition- and non-transition-metal ions are 

represented by the modification of the effective valance (z) on +zCu  indicated in 

tables 3-4. Again reasonable agreement between theory and experiment is 

obtained for z lying in the range, 4.61 Ó z Ó 4.21. 

 

                  Table 2. yxx OMnCuYBa -32  (After Ref. 23) 

 

                    
Note: Tc(theory) is given by Eq.(3.1) where the effect of replacing 

3Cu  by xxMnCu -3 is obtained by replacing 3 by (3 ī x) + 2x = 3 + x 

which lowers the effective valence (z) on +zCu  ions to 
)3(

2

x

y
z

+
=  

. 
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FIG. 3: Predicted dependence of the superconducting transition temperature 

Tc on the effective valence (z) of Cuz+ ions (continuous curve) given by Tc = 

367.32exp(ī13.6/z) in the doped 1:2:3 cuprates are compared with 

experimental data as discussed in Tables 1,2,3 and the text 
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              Table 3: d-- 7312 )( ONiCuGdBa xx  (after ref. 24)    

            

Note: Tc (theory is given by Eq.(3.1) and 
)1(3

2

x

y
z

+
=  as discussed in Table 2. 

      

 

Table 4 : d-- 7312 )( OMnCuGdBa xx  (after ref.25) 

 

         

Note: Tc (theory is given by Eq.(3.1) and 
)](31[3

2
2xx

y
z

++
=  includes an extra 

2x  term for the non-transition metal Zn ion substitution in order to give a 

reasonable phenomenological fit to the data. 

 

3.2  The Iron pnictides 

 

In order to compare with experimental data in the iron pnictides, we now 

turn to a realization of the formula in Eq.(2.17b) in a similar form: 

);(
6.13

exp0.467 0 K
z

zTC ö
÷

õ
æ
ç

å
-=  

where 467.0 = DQ  is the experimental Debye temperature of iron (see Table 1). It 

is also plotted alongside the result for the cuprates in Fig. 4. There is good  
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agreement with the experimental data in the pnictide, 224.06.0 AsFeKBa  from 

neutron scattering
7
 (see, Fig. 5). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

FIG. 4: (colour online) Predicted dependence of the transition 

temperature Tc on the effective valence z for the cuprates in 

Eq.(3.1) and the pnictides in Eq.(3.2) 
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3.3 MgB2 

 

For MgB2, the corresponding prediction is 

)(
6.13

exp0.406 0 K
z

zTC ö
÷

õ
æ
ç

å
-=     (3.3) 

where 406.0 = DQ  is the experimental Debye temperature of Mg. The results are 

tabulated in Table 6 which shows that the observed TC of (39 K0 ) corresponds to 

a value of z close to 3.75. 

 

 

 

 

Fig. 5: (colour line) Predicted Tc for 224.06.0 AsFeKBa  
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Table 6: Dependence of Tc on the effective valence of +zMg  in 2MgB                                               

 

                                              

4. DISCUSSION AND CONCLUSION 

By the time the iso-superconductivity (iso-standard) model was proposed by 

Animalu
16,17

, the BCS model had lost predictive power for the available 

experimental data in the cuprates. Subsequently, when the highest TC of 165K so 

far in the cuprates was reported in 1994
25

, the result was also in agreement with 

the iso-standard model prediction
26

. The successful application of the iso-standard 

model in this paper to the prediction of the recent data on the iron pnictides lends 

further credence to the iso-standard model even though the effective valence (z) 

on Fez+ has been treated as a phenomenological parameter. We are therefore led 

to the conclusion that more serious studies of the foundation 

of iso-superconductivity in the analogy between Santilliôs model of the neutral 

pion as a compressed postronium atom and the isostandard model of the Cooper 

pair should be undertaken: this is the subject-matter of the isotopic branch of 

òhadronicò mechanics with far-reaching implications for quantum physics in the 

21st C. 
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Abstract 

The basic idea of the Lanczos method is to construct a special basis where the 

Hamiltonian has a tridiagonal representation. Once in this form, the matrix can be 

diagonalized easily using standard library subroutines. This approach is known as 

the standard Lanczos technique (SLT) which still has the problem of 

diagonalizing large matrix sizes emanating from increase of the size of the Hilbert 

space with the size of the system. In this current presentation, we develop a 

simplified formulation of the SLT and then use it to study the rapid convergence 

to the ground state energy and wavefunction of some finite systems.  

1. INTRODUCTION 

     The discovery of high- temperature superconductors has induced considerable 

theoretical work on strongly correlated systems. Various analytical methods [2, 3] 

as well as numerical techniques [4-10]
 
have been employed to study these 

systems. High accuracy studies can be achieved by using direct diagonalization 

method [11] (the Lanczos algorithm in particular). In this method, special bases 

are constructed which transform the Hamiltonian into a tridiagonal matrix. Once 

in this form, the matrix can be diagonalized easily using standard library 

subroutines. This approach is known as the standard Lanczos technique (SLT). 

This method is still beset with the problem of diagonalizing large matrix, since the 

size of the matrix grows like the size of the Hilbert space. 

     In this paper we study the rapid convergence to the ground state by 

formulating a simplified version of (SLT). The contribution of this current 
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presentation is the simplification of the algorithm use by Dagotto and other 

researchers in this field. [5, 9]  The approach use in this paper makes iterations 

easier to carry out. It was also demonstrated that the rate of convergence is 

dependent on the choice of the initial trial vector. Further details on this method 

can be found in the cited references. 

     This method is demonstrated by the single band Hubbard Hamiltonian. [13] 

This Hamiltonian reads 

ää ®¬

+ ++-=
i

ii
ji

jI nnUCHCCtH
s

ss

,,

).(         

Where ji,  denotes nearestïneighbour sites. )( ,, ss ii CC+ Creates (annihilates) an 

electron at site i in the spin state ů = ŷ or Ź, t is the hopping term, U is the onsite 

interaction term and  s,in  is the number operator. 

     The Layout of this paper is as follows. In section II we describe our algorithm. 

Application of the algorithm to a case of two electrons on two, four and six sites 

(in the subspace ofzS total =0) are presented in sec. III.  In section V, a 

comparison of the results obtained with this method and that of variation results 

by Enaibe and Idiodi [14] is given in sec IV. We summarize and conclude in sec 

V 

2: DESCRIPTION OF THE METHOD 

       In this section, we describe our method. As in the standard Lanczos technique 

[10], and the modified Lanczos method [5-10], the method requires the selection 

of an initial trial vector 0f  (normalized to one). If H  acts on of  the result can 

be written as  

00

00

00

0

~
ff

ff

ff
f +=

H
H [5]                                                          (2)   

 

Where 
0

~
f  is a new state orthogonal to0f . Since 0f  is normalized, eqn. (2) 

becomes  

( )kHH 00000

~
fffff -=                                                                               (3)     

The constant k ensures that 0f
 
is normalized. 
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 From eqn.3, we have that  ( )[ ] 1
~~ 22

000

2

000 =-= kHH ffffff
 

This gives  

( )[ ]2
1

2

000

2

0

-

-= ffff HHk                                                                           (4)
                                                                       

Now, the action of H on 0

~
f  gives

      

[ ]kHHHH 0000

2

0

~
fffff -=                                                                      (5)

                                                                                                                 

So that 

( )[ ]kHHH
2

900

2

000

~
ffffff -=

 

( )[ ]
k

HH
12

1
2

000

2

0 =-= ffff                                                                     (6)
 

From eqn.5, it can easily be shown that 

00000

2

0000

~~~~
ffffffff HHHHc -==                                            (7)

                                                                                                                                                                              
 

If 00 ffH  is denoted by0a , 0b  by 
k

1
 then in the basis 0f and 0

~
f , a 2x2 matrix 

representation of H is given by 

ù
ú

ø
é
ê

è
=

00

00

,
cb

ba
H ji                                                                                       (8)                           

This 2x2 matrix can easily be diagonalized. Its lowest eigenvalue1a is given by 

( ) ( )
2

4 2

000

2

0000

1

bcacaca
a

--+-+
=                                                             (9) 

 Its corresponding eigenvector 1f  is given by 

00001

~
fbfaf +=                                                                                        (10) 
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Where
( )210

2

0

2

0
0

aab

b

-+
=a , and 

( )

( )210

2

0

2

10
0

aab

aa

-+

-
-=b

 

 

1a and 1f  are better approximations to0E (true ground state energy) 0F  (true 

ground state wavefunction) than 0a  and 0f  
respectively. 

      The method can be iterated by considering 1f  as a new trial vector and 

repeating the steps from eqn. 2 to 10. In each iteration, the orthogonal pairs   

( 0f , 0

~
f ), ( 1f , 1

~
f ), etc are normalized.

   

3: APPLICATION OF THE METHOD TO FINITE SYSTEMS 

 

TWO ELECTRONS ON  TWO SITES 

       First, in this section, the modified Lanczos algorithm is applied to the case of 

two electrons on two sites with periodic boundary condition. Also, in order to 

demonstrate how the choice of initial trial wave vector affect the rate of 

convergence to 0F  and 0E , two different choices of wave vector are used. 

The relevant electronic states of this system are: 

¬®=®¬=®¬=®¬= 2,14,2,13,2,22,1,11
 

The ground state wavefunction of this system is known to be a singlet state.  

 
With this prior nowledge, the normalized trial vector0f  

below can be 

constructed
 

[ ]21
2

1
0 +=f    

Following the steps outlined in section II (Eqn 2-10), we have that 

Ua =0  ,  tb 20 =  , 00 =c                                                                
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[ ]34
2

1~
0 -=\f                                                                                               

  ù
ú

ø
é
ê

è
=

02

2

t

tU
H                                                  

                                                                                                                                                                                                                    

                                                                                                                                    

                                                                                               

                                             
       

                                                                                                               
                                                                                            

 The improved ground state energy gives 

[ ]22

1 16
2

1
tUUa +-= ,   

and the corresponding improved wavefunction is
                              

[ ] [ ]34
2

21
2

00
1 -++=

ba
f

                                            

ù
ù

ú

ø

é
é

ê

è

+

-+
=

22

2

0

16

16

2

1

Ut

UUt
a

 and  ù
ù

ú

ø

é
é

ê

è

+

++
-=

22

2

16

16

2

1

Ut

UUt
b

 

It is obvious that our choice of trial wave vector immediately reproduces  
0E  and 

0F in just one iteration 

     If a prior knowledge of the ground state is not known, a single vector from the 

Hilbert space can be chosen. This will elucidate how the choice of trial wave 

vector can affect the rate of convergence to the actual ground state energy and 

wavefunction. 

From the Hilbert space of the system above, let us consider ®¬= 1,10f  

 

 1
ST

 ITERATION
 

The results obtained at the end of the first iteration are given below 

[ ]22

1 8
2

1
tuua +-=   ,     00001

~
fbfaf +=                                                                           

                                                                                                          

  0a  and 0b  were defined in section II  
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[ ]

[ ]34
2

1

2

1143~
0 --=

-+--
=

t

uut
f                                                                          

 

Obviously, 0F and 0Eare not true representations of the ground state properties 

of the System. Therefore, it is necessary to carry out more iterations in order to 

get close to the    0F  and 0E .
 

 2
ND  

ITERATION  

For the second iteration we have 

( ) ( )
ùú
ø

éê
è --+-+= 2

111

2

11112 4
2

1
bcacacaa   ,     11112

~
fbfaf +=   

Where 2
~
1 -=f                                                                                           

 The results obtained for this system for iterations up to four are summarized in 

table 1.0 in section V                                                                                               
 

4. TWO ELECTRONS ON FOUR SITES
                                                                                                                                             

                                                                                   

   In this section, we apply the modified Lanczos method to a system of two 

electrons on four sites. The relevant electronic states of this system are 

,4,310,4,39,3,28,3,27,2,16

,2,15,4,44,3,33,2,22,1,11

¬®=®¬=¬®=®¬=¬®=

®¬=®¬=®¬=®¬=®¬=
  

¬®=

®¬=¬®=®¬=¬®=®¬=

4,216

,4,215,3,114,3,113,4,112,4,111
 

The Hilbert space above can be reduced to 4 by the following four vectors 

[ ] [ ]
[ ]16151413

,12111098765,4321

-+-=

-+-+-+-=+++=

T

SR
,  

It can be shown that 

StTHTtRtSHRUStRH 2,44,2 -=--=+-=                                                                                                         
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Let our initial normalized trial vector be given by   

R
2

1
0 =f .   

The results obtained for this system for iterations up to four are summarized in 

table 2.0 in section V                                                                                                

TWO ELECTRONS ON SIX SITES 

     In this section, the algorithm is applied to a system of two electrons on six 

sites. The possible electronic states of this system are shown below: 

®¬= 1,11                  ®¬= 4,313                   ®¬= 6,225  

®¬= 2,22                 ¬®= 4,314                  ¬®= 6,226  

®¬= 3,33                 ®¬= 5,415                   ®¬= 5,327  

®¬= 4,44                 ¬®= 5,416
                  

¬®= 5,328  

®¬= 5,55                  ®¬= 6,517
                 

®¬= 6,429  

¬¬= 6,66                  ¬®= 6,518
                 

¬®= 6,430  

®¬= 2,17                   ®¬= 3,119
                 

®¬= 4,131  

¬®= 2,18                   ¬®= 3,120
                 

¬®= 4,132  

®¬= 6,19
                   

®¬= 5,121
                 

®¬= 5,233  

¬®= 6,110
                 

¬®= 5,122
                  

¬®= 5,234  

®¬= 3,211
                 

®¬= 4,223
                 

®¬= 6,335  

¬®= 3,212
                 

¬®= 4,224
                 

¬®= 6,336  

 

As before, it can be shown that 
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StTHRtTt

SHStQtRHQURtQH

2,24            

,24,2

-=--

=--=+-=
where 

654321 +++++=Q  

181716151413121110987 -+-+-+-+-+-=R  

302928272625242322212019 -+-+-+-+-+-=S  

363534333231 -+-+-=T
 

      For this system, if the wavefunction obtained at the end of an (n-1)th iteration 

is given by 

TASARAQAn 43211 +++=-f ,
 

where 1A , 2A , 3A and 4A are the electronic weights of the states Q, R, S and T 

respectively, 

the matrix elements emanating from the nth iteration can be shown to be 

( ) ( ) ( )[ ]2
1

2

134423312211

1

242212221246 -

-

----+--+-

=

n

n

aBtAtBtBAtBtBAtBUBA

b

where  

211 4tAUAB -=  , 312 22 tAtAB --=  , 423 22 tAtAB --=  and 34 4tAB -=
; 

 and  
 

( ) ( ) ( )[ ]344233122112

3

1 242212221246
1

CtCtCtCCtCtCCtCUCC
b

cn ---+--+-=-

    

 

 

where inii AaBC 1--=    

Let the initial trial wavefunction be given by 

Q
6

1
0 =f .   

The results obtained for this system for iterations up to eight are summarized in 

table 2.0 in section VI                                                                   
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      5. SUMMARY OF RESULTS 

                                     TWO ELECTRONS ON TWO SITES 

 

Table 1.0.Ground-state energy of the Hubbard model with two electrons on two 

sites as a function U (at t=1).Results are presented for four iterations, and a 

comparison is made with variational results (Enaibe and Idiodi, 2003)  

 

 

U 
1a  

2a  
3a  4a  variational 

20.00 -0.09951 -0.19804 -0.19804 -0.19804 -0.19804 

10.00 -0.19615 -0.38510 -0.38517 -0.38517 -0.38517 

5.00 -0.37228 -0.70040 -0.70156 -0.70156 -0.70156 

1.00 -1.00000 -1.52753 -1.55986 -1.56147 -1.56155 

0.50 -1.18614 -1.71597 -1.76218 -1.76534 -1.76556 

0.00 -1.41421 -1.93185 -1.99386 -1.99946 -2.00000 

-0.05 -1.43943 -1.95507 -2.01868 -2.02457 -2.02516 

-1.00 -2.00000 -2.45743 -2.54770 -2.55964 -2.56155 

-5.00 -5.37228 -5.59143 -5.67505 -5.69540 -5.70156 

-10.00 -10.31570 -10.36670 -10.36670 -10.38040 -10.38520 
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TWO ELECTRONS ON FOUR SITES 

 

Table 2.0.Ground-state energy of the Hubbard model with two electrons on four 

sites as a function U (at t=1).Results are presented for four iterations, and a 

comparison is made with variational results. (Enaibe and Idiodi, 2003) 

 

 

 

 

U 
1a  

2a  
3a  4a  variational 

20.00 -0.39231 -3.00462 -3.00762 -3.000762 -3.00762 

10.00 -0.74456 -3.13274 -3.14888 -3.14895 3.14895 

5.00 -1.27492 -3.29366 -3.34702 -3.34788 -3.34789 

1.00 -2.37228 -3.65661 -3.77674 -3.78471 -3.78526 

0.50 -2.58945 -3.75003 -3.87384 -3.88349 -3.88428 

0.00 -2.82843 -3.86370 -3.98772 -3.99892 -4.00000 

-0.05 -2.85354 -3.87632 -4.00015 -4.01148 -4.01260 

-1.00 -3.37228 -4.16541 -4.27836 -4.29131 -4.29295 

-5.00 -6.274920 -6.48329 -6.50989 -6.51315 -6.51360 

-10.00 -10.74460 -10.79260 -10.79550 -10.79560 -10.79570 
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TWO ELECTRONS ON SIX SITES 

 

 

 

 

                                                                                                                                                                

U 
1a  

2a  3a  
4a  5a  

6a  

20.00 -0.39231 -2.18688 -3.24601 -3.38813 -3.45268 -3.48506 

10.00 -0.74456 -2.34189 -3.27026 -3.46750 -3.53138 -3.55738 

5.00 1.27492 -2.56901 -3.33006 -3.55584 -3.62208 -3.64394 

1.00 -2.37228 -3.12394 -3.57481 -3.76387 -3.83233 -3.85570 

0.50 -2.58945 -3.25748 -3.65302 -3.82512 -3.89031- -3.91356 

0.00 -2.82843 -3.41420 -375329 -3.90501 3.96491 -3.98724 

-0.05 -2.85354 -3.43126 -3.76471 -3.91423 -3.97348 -3.99568 

-1.00 -3.37228 -3.80626 -4.03771 -4.14272 -4.18637 -4.15811 

-5.00 -6.27492 -6.38078 -6.40803 -6.41504 -6.41684 -6.41730 

-10.00 -10.7446 -10.7686 -10.7710 -10.7713 -10.77130 -10.7713 
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Table 3.0.Ground-state energy of the Hubbard model with two electrons on six 

sites as a function of U (at t=1).Results are presented for eight iterations, and a 

comparison is made with variational results. (Enaibe and Idiodi, 2003) 

V1:  CONCLUSIONS 

     In this paper we have studied the rapid convergence to the ground state 

properties of strongly correlated finite system in a single band Hubbard model. 

The analysis was done using a new version of (SLT) on small lattices. We 

presented results for two electrons on two,   four, and six sites. The results for 

these systems obtained were compared with those obtained using variational 

method by Enaibe and Idiodi, 2003 and were found to be in excellent agreement. 

     The algorithm in our new version of (SLT) is similar in fashion to that use by 

Dagotto and other researchers in this field, but I consider our approach to be more 

appealing and easier to apply because of its simplicity.  It was also demonstrated 

that the rate of convergence is dependent on the choice of the initial trial vector 

U 
7a  

8a  Variational 

20.00 -3.50243 -3.51215 -3.52520 

10.00 -3.56829 -3.57288 -3.57619 

5.00 -3.65101 -3.65329 -3.65437 

1.00 -3.86350 -3.86608 -3.86736 

0.50 -3.92166 -3.92447 -3.92594 

0.00 -3.99539 -3.99834 -4.00000 

-0.05 -4.00381 -4.00676 -4.00844 

-1.00 -4.21056 -4.21321 -4.21489 

-5.00 -6.41742 -6.41745 -6.41746 

-10.00 -10.77130 -10.77130 -10.77130 
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Abstract 
A theoretical study of the structural and electronic properties of a new 

antiperovskite-type nitrogen-based superconductor ZnNyNi3, y = 1.012 ± 0.208 

has been performed on the stiochiometric compound, ZnNNi3, using the 

augmented plane waves plus local orbital (APW + lo) method within the 

framework of density functional theory. This is compared with the isostructural 

non-superconducting ZnCNi3. The optimized structural parameters were 

determined using different exchange-correlation potentials. The calculated lattice 

constants are within the usual accuracy range of such calculations although the 

deviations of results obtained using the genaralized gradient approximation 

proposed by Wu-Cohen (WC-GGA) are the least. The electronic band structures, 

total, site and orbital decomposed densities of states (DOS) were obtained and 

analysed. Our electronic structure results show that in ZnNNi3, states near the 

Fermi energy are dominated by Ni d and N p states. This is also the case for 

ZnCNi3. The peak in the DOS due to Ni dxz, dyz in ZnNNi3 is closest to the Fermi 

energy, and is about 0.21eV away from the Fermi energy compared to an energy 

distance of 0.09eV away of similar peak in ZnCNi3, resulting in decreased value 

of Fermi level density of states in ZnNNi3. Our results show that the 

stoichiometric ZnNNi3 and ZnCNi3 are very much alike in both structural and 

elastic properties but differ in electronic properties. The agreement with available 

theoretical and experimental data is reasonable. 
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1. INTRODUCTION  

For some time now, since the discovery of superconductivity near 8K in 

MgCNi3[1], attention has been directed on the isostructural cubic antiperovskites, 

with the general formula ACNi3, where A is a group II or III element, as possible 

compounds with not only high superconducting transition temperature, but other 

technologically important properties. This is probably because the ternary 

carbides with the cubic antiperovskite structure are known to exhibit a variety of 

interesting thermodynamic, chemical and physical properties[2]. Furthermore, 

MgCNi3 contains large amount of ferromagnetic nickel, and it is known that alloy 

BCS-type superconductors do not involve nickel. It is, therefore, important to 

investigate the properties of these antiperovskites which might help elucidate the 

nature of superconductivity in them. Interest in this type of compounds has 

resulted in the synthesis of many more cubic antiperovskites, some of which 

include ZnCNi3[3], AlCNi 3[4], GaCNi3[5], CdCNi3[6] and InCNi3[7]. It is 

noteworthy that antiperovskites with trivalent metals M
III

CNi3 (namely, AlCNi 3 

and GaCNi3) are nonsuperconducting while InCNi3 is magnetic and also 

nonsuperconducting. Over the years, the understanding of several properties of 

superconducting materials including antiperovskites were provided by the result 

of first-principles calculations[8-23].  

Very recently, a new superconducting antiperovskite ZnNyNi3(y = 1.012 ± 

0.208) with Tc ~ 3K, which belongs to this class of materials, but with carbon 

replaced by nitrogen was successfully synthesized[24] and some of its properties 

have been investigated. The stoichiometric compound ZnNNi3, has the same 

structure with ZnCNi3 where no superconductivity was found down to about 

2K[3]. ZnNyNi3 occurs in simple cubic lattice with lattice constant a = 3.756°A 

and nitrogen content 1.0124±0.208 respectively[24]. Experiments to properly 

determine the nitrogen content via Rietveld analysis using RIETAN-2000 

program and sample weight change before and after sintering, yield nitogen 

content values of y= 1.012 and 0.98 respectively. These two values indicate that 

y ~ 1. The space group is m3Pm (space group No. 221). Zn occupies the corner 

position (1a), and nitrogen occupies the center of the cube(1b) while the three 

nickel atoms reside on the face-centered sites labelled 3c. In this study we 

assume that ZnNyNi3 is likely to be stoichometric, that is, y ~ 1. To our 

knowledge, no theoretical investigation of ZnNNi3 has been done.   

In this paper, we present the results of a systematic study of the structural 

and electronic properties of the stoichiometric form (ZnNNi3) of the new 

antiperovkite superconductor ZnNyNi3 alongside that of the isostructural ZnCNi3 

by using density functional theory approach as embodied in the WIEN2k 

package[25]. Our study will enable us investigate the structural and electronic 

properties of ZnNNi3 for the first time and compare them with that of 
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isostructural ZnCNi3 with a view to revealing any key differences in there 

electronic properties that may be used to account for the absence of 

superconductivity in ZnCNi3 down to 2K.  

The outline of the paper is as follows, In section II, we give a brief 

description of the computational procedures used. In section III, the calculated 

results of the structural and electronic properties are presented and 

discussed.Conclusions are drawn in section IV. 

2. THEORETICAL PROCEDURE 

 

The crystal structure of the antiperovskites considered possess the cubic 

space group, m3Pm  ( No. 221). In this structure, the Zn ions are at the corners, 

nitrogen(carbon) at the body center, and nickel at the face centers of the cube. The 

atomic positions are Zn: 1a (0,0,0); N(C): 1b (
2
1

2
1

2
1 ,,  ); Ni: 3c (

2
1 ,

2
1 , 0). In this 

structure, there are six Ni atoms at the face-centered positions of each unit cell 

forming a three-dimensional network of Ni6 octahedron similar to oxygen 

octahedron in CaTiO3. Each N or C atom is located in the body-centered cubic 

position surrounded by Ni6-octahedron cage. In order to study the structural and 

electronic properties of ZnNNi3 and ZnCNi3, first-principles calculations were 

performed by employing a full-potential(linear) augmented plane wave plus local 

orbital (FP-(L)APW +lo)[27-29] method, based on density functional 

theory[30,31] and implemented in theWIEN2k package[25]. The generalized 

gradient approximations(GGA) to exhange-correlation potential of Perdew, Burke 

and Ernzerhoff (GGA-PBE)[32] and Wu and Cohen (GGA-WC)[33] as well as 

local density approximation(LDA)[34] were used. In this method of calculation, 

no shape approximations to the electronic charge density or potential is made. 

Also, the unit cell is divided into non-overlapping muffin-tin spheres centered at 

atomic sites separated by an interstitial region. In the atomic sphere, a linear 

combination of radial functions times spherical harmonics is used and in the 

interstitial region, the basis set consists of plane waves. The basis set inside each 

muffin-tin sphere is split into core and valence subsets. The core states are treated 

within the spherical part of the potential only, and are assumed to have a 

spherically symmetric charge density confined within the muffin-tin spheres. The 

valence part is treated with the potential extended into spherical harmonics up to 

4=? . Also the valence wave functions inside the muffin-tin spheres are 

expanded up to 10=?  partial waves. In this study we treat the core electrons fully 

relativistically, and the valence electrons semi-relativistically. 
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In the calculations, and the muffin-tin radii are chosen to be 2.3, 1.6, 1.6, 

1.8 a.u for Zn, N, C, and Ni respectively. The basis functions are expanded up to 

RMTKmax equal to 8.0 (where Kmax is the plane wave cut-off and RMT is the 

smallest of all the muffin-tin sphere radii). The integrations over the Brillouin 

zone are perfomed via the tetrahedron method with 56 k-points in the irreducible 

part of the Brillouin zone. The self-consistent calculations were considered to be 

converged when the difference in the total energy of the crystal did not exceed 

0.1mRy as calculated at consecutive steps. The density of states (DOS) was 

obtained using a modified tetrahedron method[35].  

3. RESULTS AND DISCUSSION 

A. Structural properties 

In order to calculate the ground state properties of these compounds, the total 

energies are calculated for different volumes around the experimental cell 

volume. The calculated total energies are fitted to the Birch-Murnaghan equation 

of state[35] to determine the ground state properties such as the equilibrium lattice 

constant a0, the bulk modulus B0 and the pressure derivative of the bulk modulus 

Bǋ. It has been reported[36] that the new exchange-correlation functional 

proposed by Wu and Cohen(GGA-WC)[33] is more accurate in predicting the 

equilibrium lattice constant and bulk moduli for solids significantly over both 

local-density approximation(LDA)[33] and Perdew-Burke-Ernzerhof(GGA-

PBE)[31] generalized gradient approximation. For this reason, the structural 

properties have been calculated using the LDA, GGA-PBE and GGA-WC in 

order to test the suitability of these exchange-potential approximations in studying 

the structural properties of these antiperovskites. The results of the calculations of 

the structural parameters are displayed in Table 1 together with experimental data 

and results of previous theoretical studies. 

It is seen that the equilibrium lattice constant determined by employing 

different exchange-correlation functionals exhibit, to some extent, the expected 

pattern(GGA generally overestimates the lattice parameter).  
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Table 1: Calculated lattice constants a0 (in ¯A ) bulk modulus B0(in GPa) and its 

pressure derivative '

0B  for ZnNNi3 and ZnCNi3 at the theoretical equilibrium 

volumn compared with available experimental data and other theoretical 

calculations. 

 

 
 
3
Reference 24,  

4
Reference 22,  

5
Reference 13, 

6
Reference 14, 

7
Reference 6, 

8
Reference 3 

 

 

However, it is noteworthy that for ZnNNi3, only GGA-PBE gives a value of 

equilibrium lattice constant that is greater than the experimental value. For 

ZnCNi3, the equilibrium lattice constant obtained using all the exchange-

correlation schemes, are larger than the experimental value. However, in both 

compounds, the level of overestimation obtained, when the GGA-WC scheme 

was used, is less that that resulting from the use of GGA-PBE scheme. The 

observed overestimation in ZnCNi3, even when LDA scheme was used, has been 

reported by some previous studies[10,14,22] and it was thought to be probably 

due to underestimation of the experimental lattice data arising possibly from 

carbon defeciency. Although the experimental lattice constant aexpt(ZnNNi3) > 

aexpt(ZnCNi3), the theoretically calculated equilibrium lattice constants do not 
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show the same pattern since a0(ZnNNi3) < a0(ZnCNi3). It may well be that the 

deviation of the investigated sample (ZnNNi3) from stoichiometry, may also have 

some effect. On the whole, although the results of the lattice constants show that 

the GGA-WC is better suited for proper description of these compounds, one 

should not expect a perfect agreement between the experimental lattice constant 

and the GGA-WC values. This is because experimental lattice constants are 

usually measured at room temperature and the effect of thermal expansion and 

zero-point quantum fluctuations, which will enlarge the calculated lattice 

constant, are not included in density functional schemes[37].  

Furthermore, it was observed that the bulk moduli of these materials 

increase in the sequence B(ZnCNi3) < B(ZnNNi3), that is, in reverse sequence to 

a0, in agreement with the well known relationship[37] between B and the lattice 

constant (cell volume V0, as 1

0~ -VB ). This trend, where a larger lattice constant 

leads to a smaller bulk modulus, has been reported for various 

antiperovskites[22,23]. 

 

B. Electronic Properties 

 

The electronic band structure and density of states of states(DOS) 

calculated using the Wu-Cohen generalized gradient approximation at the 

equilibrium lattice constant are shown in Fig. 1 and Figs. (2-4) respectively. The 

self-consistent calculations show that the materials, ZnNNi3 and ZnCNi3, in the 

normal state are typical metallic compounds.The valence and conduction bands 

overlap appreciably between R ī G and Z ī M īS symmetry lines in ZnNNi3 as 

well as between RīG and DīXīZīMīG in ZnCNi3. At the moment, there exists 

a number of reports on the electronic band structure calculation for ZnCNi3[22] 

but non for ZnNNi3. 
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Figure 1: Calculated electronic band structures of (a) ZnNNi3 (b)ZnCNi3. The 

valence band maximum is at zero. 

 

 

The overall band profiles are found to be in fairly good agreement with previous 

theoretical results[22]. The general features of the bands are nearly the same 

except for a few differences. For instance, in energy range shown, the band 

structure for ZnNNi3, is clearly divided into two broad groups. The lowest group 

extends from about -9.0eV to about -5eV with a small gap separating it from the 

other group of bands with higher energy that cross the Fermi level. The bands 

crossing the Fermi level are predominantly of Zn d and N p states. No such gap is 

present in ZnCNi3 (Fig. 1b) between -8eV and the Fermi level. However, there are 

also two groups of bands in the bandstructure of ZnCNi3. The lowest group of 

bands lies between -14eV and -11eV and are predominantly of C s character. 

Similar band probably due to N s are not present in ZnNNi3 in the energy range 

shown(Fig. 1a) but lies further down. This lowest lying C s band in ZnCNi3 is 

separated from the rest of the valence bands by a gap of about 3eV (between -

11.0eV and -8eV). In both compounds, the upper valence band consists of 

predominantly hybridized Ni d and N(C) p states while the conduction bands are 

dominated by mixture of p states from all the constituent atoms.  

The total densities of states as well as the site decomposed contributions 

for the two compounds are displayed in the two upper panels of Figs. 2. Generally 

as earlier noted in the case of their band structures, the general features of the 

DOS for the two compounds are quite similar. It is interesting to note that there is 
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a sharp peak in the DOS of the two compounds clo se to the Fermi level. This 

peak is associated with the quasiflat bands close to the Fermi level that are 

predominantly due to Ni dxz, dyz states. This has been observed as a common 

feature of all the Ni-based antiperovskites[14,22,23]. However, in ZnNNi3, this 

DOS peak is a little farther away(~ 0.21eV), while that of ZnCNi3 is only about 

0.09eV below the Fermi level. The effect of this is seen in the reduced value of 

DOS at the Fermi level for ZnNNi3. This shift of the DOS peak towards the Fermi 

level, EF , from the low energy side on replacing nitrogen with carbon, is similar 

to what is observed with increasing the lattice parameter a, regardless of the kind 

of element A in ACNi3 (A=Mg, Zn, Al, Ga[21]).  

The peak in the DOS around -7eV is due mainly to Zn d states mixed with 

some N(C) p as well as Ni p states. It arises from the nearly flat bands in the band 

structures of both compounds around -7eV. The intensity of this peak is more in 

ZnCNi3 than ZnNNi3 Around this intense peak, there are two small structures due 

to N p states in ZnNNi3, these are less prominent in the DOS of ZnCNi3. It is 

notewothy to report that there is far more carbon s contribution than nitrogen s 

contribution at the Fermi level. Also, the structure due to the N p contribution 

which crosses the Fermi level is fairly broad in ZnNNi3. This is in contrast to the 

presence of a peak due to C p states which lies on the Fermi level and arises due 

to the flat bands that lie almost on the Fermi level between X-M-S high 

symmetry points in Fig. 1a.  

The lowest panel in Fig. 2 shows a comparison of the total density of 

states of ZnNNi3 and ZnCNi3 within a smaller energy panel around the Fermi 

level in order to bring out the differences especially in the region close to the 

Fermi level. It clearly shows the shift of Ni dxz, dyz dominated peak farther away 

from the Fermi level in ZnNNi3 than in ZnCNi3.  

 In Fig. 3, we have ploted the main contributions to the upper valence band 

DOS of the two compounds. It arises mainly from hybridization of nitrogen or 

carbon p and nickel d states. A comparison with the band structure of the 

compounds show that whereas the C p band is very close to the Fermi level at the 

M point and causing a peak in the DOS, the N p band is flat around a wider 

region(from Z-M-S) causing a structure that is more like a hump. The d states of 

the two compounds around the Fermi level look almost alike except for the larger 

distance away from the Fermi level in the case of ZnNNi3. The differences arise 

from the N p and C p contributions which are about 12% and 7 % in ZnNNi3 and 

ZnCNi3 respectively.The calculated total density of states at the Fermi level,  

N(EF ), for ZnNNi3 is about 55% that of ZnCNi3. The implication of the smaller 

density of states at the EF for conductivity is probably that the electrical 

conductivity in ZnNNi3 is lower than in ZnCNi3. 
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Finally in Fig. 4, we have tried to mimic the effect of pressure on the 

electronic structure of ZnNNi3 by plotting in the top panel, the DOS of ZnNNi3 at 

the experimental lattice constant (3.756°A) as well as at a smaller latice constant, 

for example, the experimental lattice constant of ZnCNi3 (3.66°A). It is observed 

that the density of states obtained using the two lattice constants are nearly the 

same close to the Fermi level. More noticeable differences are observed lower 

down in energy where the effect of pressure clearly shifts the peaks in the DOS 

further down in energy. In the lower panel of this figure(Fig.4), the DOS of 

ZnCNi3 is plotted at both the experimental and theoretical lattice constants. This 

simulates the effect of expansion of the lattice by about 2%. The plots indicate 

that the peaks far below the Fermi level are shifted to higher energies, This trend 

is in agreement with the result of lattice contraction( in the case of ZnNNi3) which 

shifted the peaks downward. This shift to higher energies decreases towards the 

Fermi level and results to an increase in the magnitude of the density of states at 

the Fermi energy(N(EF)). Our results indicate that application of pressure(lattice 

contraction) decreases the density of electrons around the Fermi level which may 

reduce the electrical conductivity of the material. 
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Figure 2: Total and site decomposed density of states of (a) ZnNNi3 and (b) 

ZnNNi3 at their equilibrium lattice constants. (c) Comparison of the total density 

of states of ZnNNi3 and ZnCNi3, within smaller energy panel, at their equilibrium 

lattice constants. 
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4. CONCLUSIONS 

We have studied the recently synthesized superconducting anti-perovskite nitride 

ZnNyNi3 in the stoichiometric form, ZnNNi3 as well as isostructural ZnCNi3 

using first-principles APW+lo method in order to compare their structural and 

electronic properties. 

 

 
 

Figure 3: Density of states calculated at the equilibrium lattice constant  (a) 

ZnNNi3 and (b)ZnCNi3 showing the nitogen p and nickel d contributions around 

the Fermi level. 

 

 

 
 

Figure 4: Total density of states for (a) ZnNNi3 at the experimental lattice 

constant of ZnNNi3 (3.756°A) and ZnCNi3 (3.66°A) (b) Total density of states of 

ZnCNi3 at the experimental(3.66°A) and theoretical(3.728°A) lattice constants. 
 

Our calculations show that their structural properties are very similar. The 

band structure plots also show a metallic character in ZnNNi3 as in ZnCNi3. The 
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width of the valence band in ZnNNi3 extends from about 4.0eV below the Fermi 

level and this is smaller than a bandwidth of about 8eV observed in ZnCNi3. The 

presence of C s states in the region between 11.0 and 14.0 eV below the Fermi 

level in ZnCNi3 as well as the greater relative concentration of N p states in 

comparison to C p states in ZnNNi3 and ZnCNi3 respectively at the Fermi level, 

are some of the major differences in the electronic structure of these compounds. 

The DOS at EF in the new superconducting antiperovskite is suppressed since it is 

about half the value in ZnCNi3. This is probably due to the shift farther away from 

below the Fermi level by the peak in the DOS of ZnNNi3. It is suggested that this 

decrease in DOS at the Fermi level might also contribute to the relatively high Tc 

that is observed in the newly synthesized first antiperovskite nitride 

superconductor, ZnNNi3, in contrast to the analoguos compound, ZnCNi3, which 

has not been found to be superconducting down to 2K. 
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Abstract 

Nanocrystalline ternary thin films composed of TlS-CdS and PbS-CdS were 

deposited by a simple and inexpensive chemical bath deposition technique within 

the pores of polyvinyl alcohol. The films were studied for possible application in 

photovoltaic architecture. By characterizing the films using x-ray diffractometer, 

scanning electron microscope and UV-VIS spectrophotometer the optical band 

gap energy, calculated from the absorption spectra, was found to be in the desired 

interval to be used as solar absorber material for photovoltaic fabrication. 

Keywords: Band gap energy, CBD, photovoltaic, ternary thin film 

1. INTRODUCTION 

 Solar energy is one of the most convenient non-conventional energy 

resources to be considered for the power requirements of the 21
st
 century. The 

studies of semiconductor nanoparticles have shown that they exhibit novel optical 

properties. These unique properties led to the appearance of many new application 

areas, such as their use in solar cell, photodetectors, light-emitting diodes and 

switches [1,4]. 

Energy conversion in solar cell consists of generation of electron-hole 

pairs in semiconductors by the absorption of light and separation of electrons and 

holes by an internal electric field. Charge carriers collected by two electrodes give 
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rise to a photocurrent when the two terminals are  connected externally. The 

spectrum of solar light energy spreads from the ultraviolet region (300nm) to the 

infrared region (3000nm). When the photon energy is less than band gap of the 

semiconductor, the light is transmitted through the material, that is, the 

semiconductor is transparent to the light. When the photon energy is larger than 

band gap, the electrons in the valence band are excited to the conduction band. It 

means that a photon is absorbed to create an electron-hole pair. This process is 

called intrinsic transition or band-to-band transition. 

A heterojunction is formed by joining two layers of semiconductors with 

differing band-gap energies. When the layers have the same conductivity type an 

isotype heterojunction is formed, whereas in an anisotype heterojunction, the 

layer conductivity type differs. The requirement to get appropriate band-gap 

energies for device application has led to the development of binary, ternary and 

quaternary thin films [3-10]. 

Cadmium sulphide (CdS) is one of the most promising II-IV compound 

materials because of its wide range of application in various optoelectronic, piezo-

electronic and semiconducting devices [11, 12]. High efficiency thin film solar 

cells have been achieved using two types of structures: SnO2:F/CdS/CdTe and 

ZnO/CdS/CuInSe2 [13]. In these devices, the systems SnO2:F/CdS and ZnO/CdS 

act as optical windows and the CdTe and CuInS2 act as absorbent layers. The 

highest efficiency in CdTe and Cu(InGa)Se2-based solar cells has been archived 

using CdS films deposited by chemical bath deposition process[14, 15] 

In this paper, we report the chemical bath deposition of ternary thin films 

and the analysis of the band-gap energies and the optical transmission for possible 

use in solar cells and other applications. 

2. EXPERIMENTAL DETAILS 

2.1 Preparation of TlS-CdS thin film 

Thin film of TlS was deposited on clean microscope glass slide by using 

5ml of  0.2M TlNO3, 4ml of 1M C3H4(OH)(COONa)32H2O, 4ml of 1M (NH2)2CS 

and 34ml of PVA solution put in that order in 50ml beaker. The PVA solution 

used in this work was prepared by adding 900ml of distilled water to 1.8g of solid 

PVA (-C2H4O)n (where n=1700), and stirred by a magnetic stirrer at 90
o
C for 

1hour. The homogenous solution was aged until the temperature drops to 25
o
C.  

The deposition was allowed to proceed at room temperature for 90mins after 

which the coated substrate was removed, washed well with distilled water and 
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allowed to dry.  The glass-TlS system was used as the substrate for the deposition 

of CdS film. The bath for the chemical deposition of CdS was composed of 3ml 

of 1M CdCl2, 5ml of NH3 solution, 10ml of 1M (NH2)2CS and 35ml of PVA 

solution. The deposition time was 360mins. The film was again rinsed thoroughly 

with distilled water and allowed to dry. The deposited TlS-CdS thin film was 

annealed in an oven at 100
0
C for 60mins. 

2.2  Preparation of PbS-CdS thin film 

The chemical bath deposition of PbS thin film on clean microscope glass 

slide was achieved by using 10ml of 0.1M Pb(NO3)2, 5ml of 1M NaOH, 10ml of 

1M (NH2)2CS and 25ml of PVA solution. The deposition proceeded at room 

temperature and lasted for 60mins. The deposited glass substrate was then 

removed, rinsed with distilled water and allowed to dry. The formation of PbS-

CdS thin film was achieved by using the procedure described in section 2.1 

above. The deposited PbS-CdS thin film was again annealed in an oven at 100
0
C 

for 60mins.   

2.3   Thin film characterization 

The samples were characterized with SEM, XRD and UV-VIS 

Spectrophotometer. Optical properties of chemical bath deposited TlS-CdS and 

PbS-CdS thin films were measured at room temperature by using a double beam 

Perkin-Elmer UV-VIS Lambda 35 spectrometer. Optical band-gaps were 

calculated from the absorption spectra. X-ray diffraction (XRD) is an efficient 

tool for the structural analysis of crystalline materials. The XRD patterns for the 

samples were recorded using D/max-2000 Rigaku powder X-ray diffractometer in 

the 2ɗ range 20
0
 - 80

0
 using CuKŬ radiation of wavelength ɚ = 1.5408Ȕ. The grain 

size of the deposited films was viewed by using scanning electron microscopy 

(SEM) technique.   

3. RESULT AND DISCUSSION 

Figure 1a - b show the XRD patterns of TlS-CdS and PbS-CdS thin films 

deposited in this work. The patterns were recorded after annealing the samples at 

150
o
C for 1hr. This was done to improve upon the intensities of the 

peaks/crystallinity of the films. The parameters of interest from XRD for both 

samples are displayed in tables 1 and 2. 
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Table 1: Obtained result from XRD for PbS-CdS thin film 

2q d-value FWHM I/Io 

26.18 3.4011 0.071 75 

26.28 3.3884 0.212 100 

30.30 2.9474 0.259 88 

43.36 2.0851 0.118 43 

43.42 2.0824 0.118 46 

   

Table 2: Obtained result from XRD for TlS-CdS thin film 

2q d-value FWHM I/Io 

21.50 4.1297 0.071 18 

25.46 3.4956 0.071 20 

25.58 3.4795 0.094 18 

29.56 3.0194 0.259 100 

39.20 2.2963 0.141 17 

39.42 2.2839 0.165 20 

44.74 2.0239 0.141 16 
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The peaks at 2q values of 26.28
o
 and 44.74

o
 are attributed to cubic CdS (JCPD 

card No 80-0019) [1], having lattice parameters a=b=c= 5.811Ȅ. These were 

assigned  to the diffraction lines produced by (111) and (220) planes. However, 

the additional peaks at an angle of 26.18
o
 and 30.30

o
 are identified to be of PbS 

(JCPD card No 78-1901), and assigned to the diffraction line produced by (111) 

and (200) planes of the PbS cubic phase (galena) [2,3]. Similarly, the XRD 

pattern at 2q values of 25.58
o
 and 29.56

o
 are identified to be TlS (PDF No 43-

1067) [4]. These were assigned to the diffraction line produced by (022) and (202) 

planes. These results suggest that each of the thin films deposited in this work is a 

mixture of binary chalcogenides ( i.e. PbS-CdS and TlS-CdS)  

  The average crystallite size of the films was calculated from the recorded 

XRD patterns using Scherrer formula: 

D = 0.89 ɚ/ɓ cos ɗ  

Where D is the average crystallite size, ɚ is the wavelength of the incident X-ray, 

ɓ is the full width at half maximum of X-ray diffraction and ɗ is the Braggôs 

angle. 

Fig.1a: X-ray diffractogram of  TlS-CdS thin film

0

50

100

150

200

250

300

350

400

450

500

10 20 30 40 50 60 70 80

 



 

94 

Proceedings of the Second International  Seminar on Theoretical Physics & National 

Development, July 5 - 8, 2009, Abuja, Nigeria 

 

Fig 1b. X-ray diffractogram of PbS-CdS thin film
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The average crystallite size for the thin film of TlS-CdS and PbS-CdS were found 

to be 11.3nm and 11.4nm respectively.  

 The scanning electron micrographs of TlS-CdS and PbS-CdS thin films 

reported here are shown in figure 2a-b. From the micrographs, it is observed that 

the films are uniform throughout all the regions: the films are without pinhole or 

cracks. We clearly observe the small nanosized grains engaged in a flower-like 

structure, which indicates the nanocrystalline nature of the films. 

 

 

 

 

 

 

 

 

 

 

 

The optical absorption spectra of the films deposited onto glass substrate 

were studied in the range of wavelengths 200 ï 1100nm. The variation of 

absorbance (A) and transmittance (%T) with wavelength for the two samples 

 
 

Fig.2  SEM of (a) TlS-CdS thin film (left); (b) PbS-CdS thin film (right) 

 



 

95 

Proceedings of the Second International  Seminar on Theoretical Physics & National 

Development, July 5 - 8, 2009, Abuja, Nigeria 

 

under study are shown in fig 3 and 4 respectively. Thin films of PbS-CdS show 

good absorption in the visible spectrum and a lower absorbance values in IR 

region of the solar spectrum. The plot in figure 3 also reveals that TlS-CdS thin 

film has high absorbance values in the IR region and virtually non-absorbing in 

the UV-VIS. 

Fig.3. Absorbance vs. wavelength for TlS-CdS 

& PbS-CdS thin films
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The transmittance plot in figure 4 shows that the films transmit well in the 

wavelength range opposite to that of the absorbance. In order words, films that 

absorb well in the IR region transmit poorly in the same region. The spectral 

absorbance and transmittance displayed in figs. 3 and 4 show that some of the 

films deposited in this work could be used as spectrally selective window coatings 

in cold climate to facilitate transmission of VIS and NIR while suppressing the 

UV portion of solar radiation. The films can be used for coating eyeglasses for 

protection from sunburn caused by UV radiations.  

The details of the mathematical determination of the absorption coefficient 

(Ŭ) can be found in literature [17, 18] while the plots of absorption coefficient 

against photon energy is shown in fig. 5 

Fig. 4. Transmittance VS. wavelength for TlS-CdS and PbS-CdS  
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Fig. 5. Absorption coefficient vs. photon 

energy for TlS-CdS & PbS-CdS thin films
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These absorption spectra, which are the most direct and perhaps the 

simplest method for probing the band structure of semiconductors, are employed 

in the determination of the energy gap, Eg. The Eg was calculated using the 

following relation [17-19]:  Ŭ = A(hɜ - Eg)
n
 /hɜ, 

Where A is a constant, hɜ is the photon energy and Ŭ is the absorption coefficient, 

while n depends on the nature of the transition. For direct transitions n = İ or ӏ, 

while for indirect ones n = 2 or 3, depending on whether they are allowed or 

forbidden, respectively. The usual difficulty in applying this concept to 

polycrystalline thin films with nanometer-scale crystalline grains is the size 

distribution of grains and consequent variation in the band gap due to quantum 

confinement effects. Thus the straight-line portion may not extend beyond a few 

tenths of an electronvolt, and hence value of the band gap could turn out to be 

very subjective [20]. The best fit of the experimental curve to a band gap 

semiconductor absorption function was obtained for n = ½. The calculated values 

of the direct energy band gap, from fig.6 are 1.4eV and 1.2eV for TlS-CdS and 

PbS-CdS respectively.  
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 A material with a direct band gap of about 1.5eV and a high absorption 

coefficient 

 

Fig.6. (ahn)
2
 VS. hn

0

5

10

15

20

25

30

0 1 2 3 4

hn (eV)

( a
h n

)2

PbS-CdS 

(1.2eV)

TlS-CdS 

(1.4eV)

 

of more than 10
4
cm

-1
 has been regarded as a promising absorber for thin film 

photovoltaic applications [16]. The low band gap values exhibited by these films 

together with high absorbance in the VIS make the films suitable for use as 

absorber material in solar cell application. For laser diode application, the band 

gap energies should essentially lie in the range of 0.9 to 1.5eV. While band-to-

band radiative recombination is favored in direct band gap materials, the band gap 

energy controls the emission wavelength: ɚ å 1.2 /Eg. [1]. Hence these films could 

also be used for fabrication of laser diodes. 

4.0 CONCLUSION  

 Chemical bath deposition technique has been successfully used to deposit 

ternary thin films of TlS-CdS and PbS-CdS. Their optical band gaps, which lie 

within 1.2 and 1.4eV, are in the desired interval to be used as absorber materials 

for solar cell fabrication. 
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ÿÿ
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Abstract 

In this work, Sol gel method of thin film growth/deposition is used in growing 

crystals of potassium per chlorate (KClO4). Impurities of locally produced 

materials were added to see how they permeate into the fabrics of the 

aforementioned crystals and affect the optical properties. The spectral analysis of 

the said growth was carried out to enable us determine their properties. 

Key Words: Sol-gel, optical characterization, silica model, KClO4 crystals and 

band gap.  

1. INTRODUCTION. 

  

Mobilizing Physical Science based enterprise is a collective responsibility 

between the government and the governed. Object oriented projects should be 

adequately funded. In order to carry object oriented project we must imitate the 

nature. Under the sun, everything has a small beginning. The building of nature 

from small beginning is conspicuously found in crystal growths/ depositions, with 

little manipulation on the constitution and arrangements of the molecules of these 

materials new dimensions emerge. In the recent times, Sol-gel growth/deposition 

of thin films has been found   a veritable asset to materials scientists and solid 

state industries.In this work crystals of potassium perchlorates were grown with 

the addition of impurities of a local material (Bamboo). One reason for adopting 
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sol-gel technique is the easy control over film deposition and easy fabrication of a 

large area thin film with low cost [1] 

Potassium Perchlorate Crystal  

 The crystals of potassium perchlorate (KClO4) are colourless rhombuses 

which are slightly soluble in water [2]. The solubility at 0
o
c is 0.75gm per 100gm 

of water and is less soluble in aqueous ethyl alcohol. It is used in the separation of 

the former and acts as a reagent, oxidising agent, pyrotechnic ( i.e. the 

manufacture of fire works) antipyretic ( i.e. a drug reliving fever), sedative (B.P) 

and source oxygen. 

 

Bamboo 

Bamboo is one of the most marvellous plants in nature. Some giant species 

of bamboo grow up to 1.22 meters in 24hrs. Bamboo is stronger than wood or 

timber in tension and compression. The tensile strength of the fibres of  vascular 

bundles could be up to 12,000Kg/cm
2
 , almost that of steel[3]. Chemical analysis 

reveals that bamboo has about 1.3% ash, 4.6% ethanol- toluene, 26.1% lignin, 

49.7% cellulose, 27.7% pentosan [4].  In spite of the strength and hardness of the 

giant bamboo culm wall, the culm can easily be cut in few minutes, even with a 

stone axe if we know the exact place of the internode. In Hiroshima, Japan, the 

only plant which survived the radiation of the atomic bomb in 1945 was a bamboo 

plant [5]  

  

Theroretical Considerations 

Crystalline and amorphous semi-conductors, near the fundamental absorption age 

there is the dependence of the absorption coefficient on the photon energy. In high 

absorption regions the form of the absorption coefficient with photon energy was 

given in more general term by [6,7] as  

n

gEhAh )( -= nana        (1.0) 

Where n is the frequency of the incident photon, h is the Planckôs constant, A is a 

constant, gE  is the optical energy gap and variable n has the Value 2 for direct 

allowed transition, ½ for indirect allowed. 
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When the linear portion of nh )( na as a function of hf  is extrapolated to  Ŭ = 0, the 

intercept gives the transition band gaps. For semi-conductors and insulators 

(where  K
2
 <<n

2
) there exist a relationship between R and n given by [5,6]        

22 )1/()1( +-= nnR       (1.1) 

There is also a relationship between k and  Ŭ given by [6,8].  

4/al=k      (1.2) 

where Ŭ = absorption coefficient of the film, l = wavelenght of electromagnetic 

wave and k is the absorption coefficient. The relationship between E and K is 

given by [6] 

2)( iknEEE ir +=+=      (1.3) 

where rE  and iE  are real and imaginary parts of E respectively. 

 Optical conductivity Þ0 is given by [6,8]   

4/0 ncas =       (1.4) 

where c is the speed of light. 

2. EXPERIMENTAL DETAILS  

2.1. Growth of Potassium Perchlorate Single Crystal in Silica Gel 

The experiments were conducted in 100ml beakers. Twenty five millilitre 

(25ml) of sodium silicate solution of pH greater than eleven and with specific 

gravity 1.04 was placed in a test- tube some quantities of IN of perchloric acid 

were added to the sodium silicate solution to form a gel. The pH of the mixture 

was set at 5.0. The gel was allowed to set at room temperature for a period of 5, 

15 and 25 days, after which a feed solution of potassium chloride (KCL) was 

placed above the gels for crystallization, potassium chloride (KCL) of different 

normalities (0.5N, 0.8N and 1.8N) was used. 

The chemical reaction which took place in the gel medium is represented as 

 KCL + HCLO4   ð KCLO4 + HCL ------2 .0 
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Immediately after the addition of the feed solution, some quantities of bamboo 

were added as impurities and their effects investigated. The effect of 

concentration of the feed solution was also investigated. 

2.2. Drying 

The samples were first treated with all glass distilled water to avoid 

impurities and make it slurry before it was introduced into a buckner funnel 

covered with filter paper then attached to a suction flask connected to the vacuum 

pump through its nozzle. Once the pump is on it will create a vacuum that allows 

for the absorption of H20 from the sample. The filter in the buckner funnel 

prevents the solid from being sucked. The sample is then taken to the oven at an 

appropriate temperature of 104
0
C for 30mins. After which it is placed inside the 

desiccator to maintain dryness. CaCL2 was used as a desiccant. 

3.0.  RESULTS AND DISCUSSIONS. 

The result of the spectral analysis of KClO4 grown by sol-gel method after 5, 15 

and 25 days of ageing are shown in figures 1 to 6 below. 

 

3.1. Analysis of the Effect of Impurity on KCLO4. 

The plot of fig.1 shows that all the samples absorb poorly in both VIS and NIR of 

the solar spectrum. It also shows that absorbance decreases with increase in the 

concentration of bamboo. 

 

 

 

 

 

 

 

 

 
Fig. 1 Absorbance vs. wavelength of KClO4 with different quantity of Bamboo
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Fig.1. Absorbance vs. wavelength in KClO4 
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The misbehaviour of C perhaps may be a function of growth/deposition 

conditions. 

   In figure 2, all the films are transmitting well in both VIS and NIR. This 

is an ideal property for solar control applications and could also be used in arctic 

region to allow IR warm the rooms and reduce the cost of warming rooms by 

conventional means. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Transmittance vs. wavelength of KClO4 with different quantity of Bamboo
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Fig.2. Transmittance vs. wavelength of KClO4 

 Fig.3. Reflectance vs. wavelength of KClO4 with different quantity of Bamboo
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Fig.3. Reflectance vs wavelength of KClO4 with different 

quantities of Bamboo. 
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The variation of Reflectance with wavelength for the sample under investigation 

is shown in fig.3. All the three samples show very low reflectance in both VIS 

and IR of solar spectrum. This makes the crystal ideal material to be used as anti- 

reflection coating in solar cell architecture. 

The plot of  absorption coefficient vs. photon energy in fig 4 shows that the 

absorption coefficient increases from 0.1 to 0.35 for samples A and B in the VIS 

and decrease towards the NIS. Sample C has negative absorption coefficient. The 

variation in the band gap plot against photon energy as in fig. 5 reveals that the 

band gaps lie between 2.00 and 2.09eV. No band gap existed in C  The plot of 

refractive index (n) against photon energy as seen in fig.6 reveals that the 

refractive index increases from VIS to NIR regions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig.4. Absorption coefficient vs.photon energy for KClO4
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  Fig.4. Absorption coefficient vs. photon energy in KClO4 
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Fig.5. Band gap vs photon energy
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Fig.5. Band gap vs. photon energy 

Fig 6: Refractive Index vs. photon energy for KClO4
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Fig.6. Refractive index against photon energy for KClO4 
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4.2   Analysis of the Effect of the Concentration of the Feed 
Solution (KCL) on KCL04. 

  In fig. 1a, all the samples absorb poorly both VIS and NIR of the solar 

spectrum. A comparison with the plot for bamboo doped KClO4 shows that the 

samples without bamboo impurity have higher absorbance.  

 

Fig.1 Plot of Absorbance vs wavelength (nm) in KClo4
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Fig.1a the plot of absorbance vs. wavelength in KClO4 

  

The plot of transmittance against photon is shown in fig 2a; all the 

samples are highly transmitting in the VIS and NIR regions.  However, the 

transmittance increases with the wavelength. In the NIR, the least transmitting 

sample has a transmittance of 70% and above. This indicates that the films can be 

used for solar controlling coating. They would also allow good passage of infra 

red and as such could be used in cold regions. Their use can also be employed in 

coating brooder roofs to allow infra red warm the chicks.  
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Fig.2. Plot of transmittance vs.wavelength in KClo4
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Fig.2a. The plot of transmittance vs. wavelength in KClO4 

 

The variation of reflectance with wavelength is shown in fig 3a. The reflectance 

decreases with wavelength. It also decreases as the concentration KCl solution 

increases. This shows that the materials have poor anti reflection capability. 
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Fig.3. Plot of Reflectance vs.wavelength in KClo4
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Fig.3a. The plot of reflectance vs. wavelength in KClO4 

 

The variation of band gap against photon energy is plotted in fig. 4a, the band gap 

energy of the samples lie between 2.0 and 2.7. The band gap energy increases 

with increase increasing concentration of KCl solution.  
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  Fig.4. Band gap vs. photon energy on the effect of the conc.of KCl 

on KClO4
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Fig.4a. Band gap vs. photon energy on the effect of the concentration of KCl 

on KCLO 4  

 

The plot of absorption coefficient (Ŭ) vs. photon energy (hv) is shown  in fig 5a. 

The absorption coefficient is high in the VIS region and decreased towards NIR. 

It decreases with increase in the concentration of the KCl solution.  
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Fig.5. Absorption coefficient vs.photon energy in feed KClO4
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Fig.5a. The plot of absorption coefficient vs. photon energy. 

 

The variation of Refractive index vs. photon energy is shown in fig 6a. The 

refractive index is high in the VIS region and decreased towards the NIR region. 
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Fig.6a. the refractive index vs. photon energy in KClO4 

 

TABLE OF VALUES.  

Table 1. 

Specimen Amount of 

sodium  silicate 

Na2Si03(g) 

Amount of 

KClO 3 

pH Concentration 

of KCl(N)  

D 25.0 Some 

quantity  

0.04 0.5 

E 20.0 óô 0.8 0.6 

F 20.0 óô 4.35 1.8 

 

Fig.6. Refractive index vs.photon energy on feed KClO4
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Table 2. 

 

Bamboo Doped KClO4 

 

Specimen Amount of PH 

sodium  silicate 

NaS203(g) 

Amount of 

KClo3 

pH Concentration 

of Kcl(N) 

A 25 Some 

quantity  

5.03 0.10 

B 25 óô 5.06 0.15 

C 20 óô 5.08 1.18 

 

 

4.0. CONCLUSION 

 

Sol-gel deposition technique has been successfully used to grow ternary films of 

impurity doped potassium perchlorate crystals. Their optical band gaps lie 

between 1.5 and 2.7. This shows that the films have wild band gaps and can be 

used in high power, high temperature, and high frequency and short- wavelength 

devices [10] in addition to their pyrotechnic and antipyretic functions [2].  

 

 

 

 

 

 



 

114 

Proceedings of the Second International  Seminar on Theoretical Physics & National 

Development, July 5 - 8, 2009, Abuja, Nigeria 

 

REFERENCES 

 

(1).  C.J. Brinker and G.W. Scherer. Sol-Gel Science. Academic Press, New 

York, (1990).  

(2).  A.R. Patel and A . V.  Rao. Nucleation and Growth of the Potassium Per 

chlorate (KCLO4) Single Crystal in Silica Gel. Journal of Crystal Growth, 

New York, (1978). 

(3)   O.H. Lopez. Manual de Comctrauccion con Bamboo, CIBAM. Universidad 

National de Colombia, (2001). 

(4).  Li, Xiaobo. Physical, Chemical and Mechanical Properties of Bamboo and 

its Utilization Potentials for Fiberboard Manufacturing. M.Sc. Thesis, M.S. 

Chinese Academy of Forsestry, (2004). 

(5)  D. Debore and K. Baries. Bamboo Building and Culture, the Architecture of 

Simon Valez. Colombia, (2004). 

(6).  F.I. Ezeama and P.U Asogwa. Preparation and Optical Properties of 

Chemical Bath Deposited Beryllium chloride ( BeCl2) Thin Film. Pacific 

Journal of Science and Technology, 5(1) 33, (2004). 

(7).  M. Janar, D.D.Alfred, D.C. Booth and B.O. Seraphin. Optical Properties and 

Structures of Amorphous Silicon Film Prepared by C.V.D. Sol. Ener. Mater, 

(2003). 

(8).  J. I. Pankove. Optical Process in Semi Conductors, Prentice Hall, New 

York, (1971). 

(9).  I.M Tsidilkovsk. Band structure of Semiconductors. Pergamon Press, 

Oxford, (1982).  

(10).  B. G. Yacobi. Semiconductor Materials. Kluwer Academic Publishing, New 

York, (2003). 

 

 

 

 

 



 

115 

Proceedings of the Second International  Seminar on Theoretical Physics & National 

Development, July 5 - 8, 2009, Abuja, Nigeria 

 

DETERMINATION OF RADIONUCLIDES, CONCENTRATIONS, 
AND DIFFERENTIATING FACTORS FOR SOME BIOLOGICAL 

SAMPLES BY NEUTRON ACTIVATION ANALYSIS (NAA)§§ 

 

         S.O. Yunus a*     S.A. Jonah b     K.J. Oyewumi a 

a
Department of Physics, University of Ilorin, Ilorin-Nigeria.  

b
Center for Energy Research and Training, Ahmadu Bello University, Zaria-Nigeria. 

E-mail: newton4show247@yahoo.com  

Abstract  

The analysis of some biological samples was performed by the use of Neutron 

Activation Analysis (NAA). This research was carried out using Nigeria Research 

Reactor one (NIRR-1) facility in the Center for Energy Research and Training, 

Ahmadu Bello University, Zaria (CERT).The aims of the research are to 

determine radionuclides, the concentrations, and to find the differentiating factors 

for those analyzed samples. It was deduced from the result obtained that the 

radionuclides of some elements with their concentrations were present in each of 

the biological samples and from same result, we also concluded that the use of the 

sample ZRS2A2 which is African processed locust beans (also known as irú) 

should be adopted as food seasonings (i.e. spice) instead of the sample ZYCAB2  

(i.e. seasonings) owing to what they contained. And again sample ZRS8A3 which 

is known as Pumpkin leaf should be using as vegetable in food in place of the 

sample ZRS6B3, that is, African spinach because of its significance. 

Keywords: spices, vegetables, pumpkin leaf, processed locust beans, seasonings, 

spinach, biological samples, Indian hemp, tobacco, and NAA. 

1.  INTRODUCTION 

Neutron activation analysis (NAA) is a sensitive analytical technique useful for 

performing both qualitative and quantitative multi-element analysis of major, 

minor, and trace elements in samples from almost every conceivable field of 

scientific or technological interest and it was discovered in 1936 by Hevesy and 
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Levi, (Vértes et al. 1998, Soete et al. 1972, Das et al. 1989, Jonah 2001). For 

many elements and applications, NAA offers sensitivities that are superior to 

those attainable by other methods, on the order of parts per billion or better. In 

addition, because of its accuracy and reliability, NAA is generally recognized as 

the "referee method" of choice when new procedures are being developed or 

when other methods yield results that do not agree. Worldwide application of 

NAA is so widespread and it is estimated that approximately 100,000 samples 

undergo analysis each year (Alfassi Z. B., 1998). 

The basic essentials required to carry out an analysis of samples by NAA are a 

source of neutrons, instrumentation suitable for detecting gamma rays, and a 

detailed knowledge of the reactions that occur when neutrons interact with target 

nuclei. 

2. THE NAA METHOD 

The most common type of nuclear reaction used for NAA is the neutron capture 

or (n, ɔ) reaction, is illustrated in Figure 1. When a neutron interacts with the 

target nucleus via a non-elastic collision, a compound nucleus forms in an excited 

state. The excitation energy of the compound nucleus is due to the binding energy 

of the neutron with the nucleus. The compound nucleus will almost 

instantaneously de-excite into a more stable configuration through emission of 

one or more characteristic prompt ɔ-rays. In many cases, this new configuration 

yields a radioactive nucleus which also de-excites (or decays) by emission of one 

or more characteristic delayed ɔ-rays, but at a much slower rate according to the 

unique half-life of the radioactive nucleus (Pollard A. M., Heron C., 1996). 

Depending upon the particular radioactive species, half-lives can range from 

fractions of a second to several years. 
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3. INSTRUMENTATION AND METHODOLOGY 

Nuclear reactors are the most important neutron sources because of the high stable 

neutron fluxes and sample irradiation volumes available. More than 300 research 

reactors with NAA capability are operational world-wide such as NIRR-

1(Nigeria) i.e. Nigeria Research Nuclear Reactor one (shown below) in which the 

analysis was done provide suitable neutron fluxes (1x10
10

 ï 1x10
12

n.cm
-2
.s

-1
) for 

most biological applications of NAA. 

 

Figure 1: Diagram illustrating the process of neutron capture by a target 

nucleus followed by the emission of ɔ-rays. 
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Typical NAA methodology is to irradiate samples (which can be solid or liquid) 

and elemental standards (or a monitor in the Ko method) for a time determined by 

the half life of the radionuclide or radiological considerations and the composition 

of the sample. Unwanted short-li ved nuclides are allowed to decay for a 

predetermined period and the ɔ-ray spectra are recorded on a Ge detector (shown 

in the diagram below) coupled to a computer (or a multichannel analyzer). ũ-ray 

spectra of irradiated biological samples are typically complex (up to several 

hundred ɔ-ray peaks); hence highly stable electronics and corrections for losses at 

high count rates (Westphal, 1992) are required to achieve the required high energy 

resolution (typically 1.5-2.0KeV at 1333KeV).  

 

 

Figure 2: Research Reactor in NIRR-1 laboratory 
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           . 

 

 

Sample Preparation 

Samples preparation took place in the NIRR-1 preparation of sample laboratory. 

 Apparatus:  

The most important apparatus used are; Air blower; Disposable gloves; Polythene 

bags; Vial (small container); Distilled water; Analytical balance; 

Procedures: 
The preparation of sample started with crushing of sample from granulated form 

to powdery form. 

The following are the steps followed: 

Figure 3: Detector coupled with multi-channel analyzer 
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× Disposable glove was used first to avoid contamination of sample through 

sweating; 

× Agate mortal was washed with water and then clean up with cotton wool 

wet with acetone to remove any form of impurity; 

× Brush is then used to remove any particle in the sieve and clean with just 

ordinary cotton wool;  

× After the precaution has been taking, each sample was crushed and little 

quantity of the sample was used; 

×  Each sample was then taking for weighing using analytical balance called 

Mettlar EA 240 and simultaneously the weight of the samples were 

recorded for further calculation; 

×  After that, each sample was wrap up with polythene bags with the use of a 

air blower for sealing (Filby R. H., 1995);  

×  The samples were then pack into a vial and sealed which then ready for 

irradiation. 

 

Irradiation:  
This is the bombardment of target sample with flux of neutrons leading to 

emission of ɔ ï rays 

Type of Irradiations 

Typically two irradiations are performed using NIRR-1 facilities: 

¶  One to determine short-lived radionuclides, and 

¶  One for long-lived radionuclides 

 

For activation analysis to produce short lived radionuclides, irradiation time is 

set to 5mins. The radionuclides produced are shown in the result. Counting 

period of 10mins (or 600s) is used to determine the elements present in the 

sample.  

 

Germanium ɔ-counting is done in two separate ways for short lived 

irradiation:  

 

¶ First short counting, and 

¶  Second short counting. 

¶ .First short lived counting is the one which take place instantly after 

sample irradiation and it is last for exactly 10mins in which some elements 
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will be detected while 

 

¶ Second short counting is the one that occur after 3 or 4 hours of sample 

irradiation. This is done just because of interference in the peaks and by 

the time the second count is taking, the elements that did not show in the 

first counting will appear, (i.e. the elements having half lives of more than 

10mins). 

For activation analysis to produce long lived radionuclides, irradiation 

time is set to at least 6hrs. 

ũ-counting procedures for long-lived radionuclides are also divided into 

two: 

 

¶ First long-lived counting which occur after 3 or 4 days of sample 

irradiation. The counting time is exactly 1800s (i.e. 30mins) and these are 

the radionuclides that half-life in days while 

 

¶  Second long-lived counting is done after a week of first counting (or after 

10/11 days of irradiation) and the counting time exactly 3600s (or 1hr). 

These are the radionuclides having their half-life in days, weeks, month 

and years (Landsberger S., 1994). 

 

The samples analyzed for the determination of radionuclides and 

concentrations are presented below:  
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S/

N 

Sample 

ID Sample type 

Sample 

code 

Irradiation 

Type 

1 052B31 
African processed 

locust beans ZRS2A2 Short 

 052B32 
African processed 

locust beans ZRS2A2 Long 

2 052B33 

Pumpkin 

leaf ZRS8A3 Short 

 052B34 

Pumpkin 

leaf ZRS8A3 Long 

3 052B35 Seasonings RYCAB2 Short 

 052B36 Seasonings RYCAB2 Long 

4 052B37 African Spinach ZRS6B3 Short 

 052B38 African Spinach ZRS6B3 Long 

5 052B39 Tobacco BNHLA1 Short 

 052B40 Tobacco BNHLA1 Long 

6 052B41 Indian hemp JCDEB1 Short 

 052B42 Indian hemp JCDEB1 Long 
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These samples were obtained in the Northern part of Nigeria i.e.Zaria (precisely 

samaru market) 

4. RESULT 

The results of the analysis of six (6) biological samples analyzed for both short 

and long-lived irradiation are presented below. 

The result of the irradiation of short-lived for the samples in the first and second 

ɔ-counting are shown in the table 1 and 2 respectively. 

Table 1 Result of the concentration of elements for first short-lived irradiation. 

 

ELEMENT 

B31, B32 

ZRS2A2 

B33, B34 

ZRS8A3 

B35, B36 

RYCAB2 

B37, B38 

ZRS6B3 

B39, B40 

BNHLA1 

B41, B42 

JCDEB1 

Mg (%) 0.30 ± 0.02 

0.42 ± 

0.04 NA 0.68 ± 0.05 0.37 ± 0.03 0.30  ±  0.02 

Al  (%) 

0.060 ± 

0.004 

0.30 ± 

0.02 NA 0.16 ± 0.01 0.050  ± 0.004 

0.060 ± 

0.004 

Ca  (%) 2.7 ± 0.3 

1.14 ± 

0.16 NA 4.15 ± 0.54 1.78  ±  0.24 2.8 ± 0.4 

Ti  (ppm) BDL 362 ± 72 NA BDL BDL BDL 

V   (ppm) BDL BDL NA BDL BDL BDL 
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Table 2 Result of the concentration of elements for second short-lived irradiation. 

ELEMENT 

B31, B32 

ZRS2A2 

B33, B34 

ZRS8A3 

B35, B36 

RYCAB2 

B37, B38 

ZRS6B3 

B39, B40 

BNHLA1 

B41, B42 

JCDEB1 

Mn (ppm) 157 ± 6 78 ± 3 BDL 37 ± 2 137 ± 5 137 ± 5 

Eu  (ppm) BDL BDL BDL BDL BDL BDL 

Dy  (ppm) BDL BDL BDL BDL BDL BDL 

Na  (%) 

0.055 ± 

0.004 0.14 ± 0.08 25.8 ± 1.3 

0.23 ± 

0.01 

0.060 ± 

0.005 

0.020 ± 

0.003 

The result of the irradiation of long-lived for the samples in the first and second ɔ-

counting are shown in the table 3 and 4 respectively. 

Table 3 Result of the concentration of elements for first long-lived radionuclides. 

ELEMENT 

B31, B32 

ZRS2A2 

B33, B34 

ZRS8A3 

B35, B36 

RYCAB2 

B37, B38 

ZRS6B3 

B39, B40 

BNHLA1 

B41, B42 

JCDEB1 

K   (ppm) BDL BDL BDL BDL BDL BDL 

As  (ppm) BDL BDL BDL BDL BDL BDL 

Br  (ppm) 1.0 ± 0.2 5.3 ± 0.5 35.8 ± 3.5 10 ± 1 51 ± 3 13 ± 1 

La  (ppm) BDL 5.6 ± 0.4 BDL 2.3 ± 0.3 2.3 ± 0.3 2.9 ± 0.3 

Sm (ppm) BDL BDL BDL BDL BDL BDL 

Yb  (ppm) BDL 

0.47 ± 

0.14 BDL BDL BDL BDL 

U   (ppm) BDL BDL BDL BDL BDL BDL 
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Table 4 Result of the concentration of elements for second long-lived 

radionuclides. 

ELEMENT 

B31, B32 

ZRS2A2 

B33, B34 

ZRS8A3 

B35, B36 

RYCAB2 

B37, B38 

ZRS6B3 

B39, B40 

BNHLA1 

B41, B42 

JCDEB1 

Sc  (ppm) BDL BDL BDL BDL BDL BDL 

Cr  (ppm) BDL 35 ± 5 BDL 17 ± 3 BDL 14.3 ± 2.6 

Fe   (%) 

0.035 ± 

0.001 BDL BDL 0.38 ± 0.04 0.10 ± 0.02 BDL 

Co  (ppm) BDL BDL BDL BDL BDL BDL 

Zn  (ppm) 10 ± 2 26 ± 6 BDL BDL BDL 20.5 ± 4.7 

Rb  (ppm) BDL BDL BDL BDL BDL BDL 

Cs  (ppm) BDL BDL BDL BDL BDL BDL 

Ba  (ppm) BDL BDL BDL 452 ± 65 BDL BDL 

Eu  (ppm) BDL BDL BDL BDL BDL BDL 

Tb  (ppm) NA NA NA NA NA NA 

Lu  (ppm) BDL BDL BDL BDL BDL BDL 

Hf  (ppm) BDL BDL BDL BDL BDL BDL 

Ta  (ppm) BDL BDL BDL BDL BDL BDL 

Sb  (ppm) BDL BDL BDL BDL BDL BDL 

Th  (ppm) BDL BDL BDL BDL BDL BDL 
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A SUMMARY OF ANALYTICAL RESULTS  

ELEMENTS 

B31, 

B32 

ZRS2A2 

B33, 

B34 

ZRS8A3 

B35, 

B36 

RYCA

B2 

B37, 

B38 

ZRS6B3 

B39, B40 

BNHLA1 

B41, B42 

JCDEB1 

Mg (%) 

0.30 ± 

0.02 

0.42 ± 

0.04 NA 

0.68 ± 

0.05 

0.37 ± 

0.03 

0.30  ±  

0.02 

Al  (%) 

0.060 ± 

0.004 

0.30 ± 

0.02 NA 

0.16 ± 

0.01 

0.050  ±  

0.004 

0.060 ± 

0.004 

Ca  (%) 2.7 ± 0.3 

1.14 ± 

0.16 NA 

4.15 ± 

0.54 

1.78  ±  

0.24 2.8 ± 0.4 

Ti  

(ppm) BDL 362 ± 72 NA BDL BDL BDL 

V   

(ppm) BDL BDL NA BDL BDL BDL 

Mn 

(ppm) 157 ± 6 78 ± 3 BDL 37 ± 2 137 ± 5 137 ± 5 

Eu  

(ppm) BDL BDL BDL BDL BDL BDL 

Dy  

(ppm) BDL BDL BDL BDL BDL BDL 

Na  (%) 

0.055 ± 

0.004 

0.14 ± 

0.08 

25.8 ± 

1.3 

0.23 ± 

0.01 

0.060 ± 

0.005 

0.020 ± 

0.003 

K   

(ppm) BDL BDL BDL BDL BDL BDL 
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As  

(ppm) BDL BDL BDL BDL BDL BDL 

Br  

(ppm) 1.0 ± 0.2 5.3 ± 0.5 

35.8 ± 

3.5 10 ± 1 51 ± 3 13 ± 1 

La  

(ppm) BDL 5.6 ± 0.4 BDL 2.3 ± 0.3 2.3 ± 0.3 2.9 ± 0.3 

Sm 

(ppm) BDL BDL BDL BDL BDL BDL 

Yb  

(ppm) BDL 

0.47 ± 

0.14 BDL BDL BDL BDL 

U   

(ppm) BDL BDL BDL BDL BDL BDL 

Sc  

(ppm) BDL BDL BDL BDL BDL BDL 

Cr  

(ppm) BDL 35 ± 5 BDL 17 ± 3 BDL 14.3 ± 2.6 

Fe   (%) 

0.035 ± 

0.001 BDL BDL 

0.38 ± 

0.04 

0.10 ± 

0.02 BDL 

Co  

(ppm) BDL BDL BDL BDL BDL BDL 

Zn  

(ppm) 10 ± 2 26 ± 6 BDL BDL BDL 20.5 ± 4.7 

Rb  

(ppm) BDL BDL BDL BDL BDL BDL 

Cs  

(ppm) BDL BDL BDL BDL BDL BDL 
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Ba  

(ppm) BDL BDL BDL 452 ± 65 BDL BDL 

Eu  

(ppm) BDL BDL BDL BDL BDL BDL 

Lu  

(ppm) BDL BDL BDL BDL BDL BDL 

Hf  

(ppm) BDL BDL BDL BDL BDL BDL 

Ta  

(ppm) BDL BDL BDL BDL BDL BDL 

Sb  

(ppm) BDL BDL BDL BDL BDL BDL 

Th  

(ppm) BDL BDL BDL BDL BDL BDL 

 

Note: BDL: - Below Detection Limit;   NA: - Not Analyzed   

5. DISCUSSION 

 

5.1 . Sample ZRS2A2 and ZRS2A2 

As it has been in the tables above, the sample ZRS2A2 which is known as African 

processed locust beans (also known as irú) is very rich in magnesium, aluminum, 

calcium, manganese, iron, and zinc than those in sample RYCAB2 i.e. 

seasonings. Even those elements in the spice (i.e. Mg, Al, and Ca) cannot be 

analyzed simply because of its high dead time due to high dose of radiation during 

the first ɔ-counting of short-lived irradiation. Then talking about Na and Br, there 

is a very high concentrations of Na (i.e. 25.8% which equivalent to 258g) and Br 

which is 35.8ppm (i.e. equivalent of 35.8mg) in the sample RYCAB2, 

ñseasoningsò compared to African processed locust beans that has 0.055% and 
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1.0ppm of Na and Br respectively. The concentration of Na in the seasonings has 

exceeded 2.4g which is the toxic level and likewise the concentration of Br that is 

found to be outside the estimated median daily intake recommended by World 

Health Organization (W.H.O.) (Taubes G., 1998, Nelson, 2000). Thus processed 

locust beans is nutritious and even more advantageous than seasonings because 

the elements obtain in processed locust beans are in appropriate proportion that 

our body system need while the ñseasoningsò is dangerous to our health in the 

sense that it contains high concentration of Na and Br of values 25.8% and 

35.8ppm respectively which can later cause high blood pressure, congestive heart 

failure, cardiovascular disease, cirrhosis, or kidney disease (Denton D, 1995, 

Curhan G. C. 1997, Chrysant G. S, 2000) due to the high intake of NaBr. 

 

5.2.   Sample ZRS8A3 and ZRS6B3 

The analytical result of sample ZRS8A3 which denotes Pumpkin leaf (also known 

as ugwu) and the sample ZRS6B3 which represents African spinach (amarathus 

spp) can be used to show the concentrations present in each sample i.e. pumpkin 

leaf & African spinach. The amounts (in concentrations) of elements; Al (0.30% 

which equivalents 3,000mg), Cr (35ppm, equivalent to 35mg), and La (5.6ppm 

which equivalent to 5.6mg) present in the pumpkin leaf are larger than the 

amounts found in the African spinach. Elements like Ca (4.15% which equivalent 

to 41.5g), Na (0.23%, equivalent to 2.3g), Br (10ppm which equivalent to 10mg), 

Mg (0.68%, that is, 6.8g), and Fe (0.38% which equivalent to 3.8g) found in the 

African spinach of higher concentrations happen to be minerals that are required 

in small quantity in the body systems. The maximum daily intake also 

recommended for the elements Ca, Na, Br, Mg, and Fe are 1.3g, 2.4g, 3mg, 

420mg, and 18mg respectively (OSU Retrieved, 2008).  Therefore high intake of 

these elements may cause problem to our health (i.e. when tolerance level is 

exceeded.). 

Note: 10000ppm = 1 percent;    1ppm = 1mg. 

6. CONCLUSIONS AND RECOMMENDATIONS 

From the analytical results of neutron activation analysis of some of biological 

samples using CERT (Center for Energy Research and Training, Ahmadu Bello 

University, Zaria) facility, we have the following conclusions: 

1. Using African processed locust beans (also known as irú) as food seasonings is 

more nutritious than using seasonings due to the high concentration of sodium 

bromide (NaBr) obtained in the seasonings which may affect our body systems 
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and we will like to recommend African processed locust beans for everybody 

owing to its nutritious advantages and more so, its consumptions does not affect 

our health. 

2. Using pumpkin leaf (also known as ugwu) instead of African spinach as 

vegetable is more important simply because it contains higher concentration of 

some essential nutrients that play important roles in the body systems. Thus we 

will like to also recommend this pumpkin leaf for every one. 
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Abstract 

In this paper, we studied the concentration of oxygen in the haemoglobin of the sickle 

cell patient using the Oxygen- heamoglobin pair (OHP) model which is an 

impulsive Hill-Fokker-Planck equation .Using the B-transform of Oyelami and Ale 

we determine the best concentration for oxygen or haemoglobin to support the patient 

using life-supporting drug like nitric oxide providing drugs. Since the sickle nature of 

the erythrocyte of the patient has the contributory factor to sickling problem and there 

is the need to correct this defect and to enhance the haemoglobin affinity for oxygen 

absorption, thereby, reducing the patientôs physiological problem. Using Lagrangian 

optimization method coupled with the application of simple calculus and   B-

transform we found that nk
1

)/11(c 5000.0 * -<<  3-m  gives range of the 

concentration of oxygen that is required to be absorbed by Haemoglobin of the 

sickle cell anemia patient for effectively performance of the body. Using entropy 

objective function, the Lagrange function is unbounded above and could not offer 

much information on the optimal concentration of haemoglobin to support the 

patient. 

Keywords: Model, Sickle cell aneamia, B-transform, Oxygen and Haemoglobin. 
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1. INTRODUCTION 

  Sickle cell anemia is caused by a "defective" allele (mutant form) of the 

gene coding for a sub-unit of the haemoglobin protein. Haemoglobin binds 

oxygen within red blood cells, which then transport the oxygen to body tissues 

where it is released from the haemoglobin molecule. The sickle haemoglobin (in a 

person with a mutant allele) tends to precipitate, or "clump together", within the 

red blood cell after releasing its oxygen. If the clumping is extensive, the red 

blood cell assumes an abnormal "sickle" shape. These sickle red blood cells plug 

the blood vessels, thus preventing normal red blood cell passage and, 

consequently, depriving the tissue of needed oxygen and leading to a short lived 

red cell survival ([5],[17]& [21]).This situation often lead to stroke as result of 

sequestration of blood into the lung, liver or spleen and cerebral 

vessels([13],[17]&[21]). 

Sickle cell aneamia is a genetic disorder commonly found among the 

black race especially American Negroes, Africans and the people of the 

Mediterranean countries. It is a genetic mutation problem wherein the normal 

haemoglobin N in the blood is replaced with a defective haemoglobin S (defective 

allele).  Haemoglobin S is found to be extremely inefficient in carrying oxygen 

([4], [5] & [17]) as a result of heterozygote advantage against malaria, the 

inherited heamoglobin disorders are the commonest monogenic disease 

([13]).Acute pain crises may be caused by infection, dehydration, environmental 

temperature change, or change PH level of the blood especially if it is too acidic. 

Supportive therapy includes fluid hydration, analgesic, and antibiotic therapies 

when infection is suspected ([17]). 

Sickle cell aneamia is one of frequent child mortality in the sub-Saharan 

Africa where children with this disease hardly survive beyond 5 years and very 

few survive beyond 18 years. Sickle cell anemia is associated with a multitude of 

medical complications ranging from acute painful crises caused by the damage to 

the spleen, kidneys, lungs, heart, muscles and brain. Repeated hospitalization for 

intravenous pain medication, antibiotic therapy and blood transfusions is 

undertaken to treat medical problems as they arise. These patients often die early 

of overwhelming infection or as a consequence of acute or chronic damage to the 

body organs ([13], [17] & [21]). 

Recent researches from experimental point of view have it that sickle cell 

disease is the polymerization of deoxygenated sickle haemoglobin S, reducing red 
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blood cell sickling is to increase red blood cell in the  Hbs affinity  for 

oxygen([2]). Moreover, research finding also indicated that low concentration of 

nitric oxide with increase oxygen affinity and could serve as alternative 

therapeutic model for studying sickle cell aneamia ([2],[6],[13]& [21]). 

 There are several mathematical models on sickle cell aneamia. There are 

models built upon the Hardy-Weinberg laws ([8]&[13]) with fundamental 

assumption that gene frequency does not change with time that is, fixed from 

generation to generation. There are those models that are of stochastic origin like 

the HW family but fundamental developed using the idea of the birth and death 

processes. More recently, mathematical models using impulsive differential 

equations are being applied to biophysics with special applications to sickle cell 

aneamia modeling ([8]&[13] ). 

 Impulsive differential equations are systems that are characterized by 

short time perturbations in form of jumps, shocks, rapid structural changes that act 

momentarily. This branch of knowledge was developed not quite long if we 

compared it to other branches of dynamical systems. The (IDEs) has found many 

applications in medicine, biotechnology, and phamakenetics and so on ([1],[3]). 

We hope it will find useful applications in genetic engineering and computer 

based simulation of biomedical systems ([8-13],[18]&[19]). 

In ([8]&[ 13]) using geometric and impulsive theoretic we are able to 

compute the blood pressure generated in the body of the sickle cell aneamia 

patient and even established to some extent that some physiological problems of 

the patients are directly or indirectly connected to the blood pressure infringed on 

the blood vessels of the patients. 

 Furthermore, the sickle nature of the erythrocyte of the patient has a 

contributory factor to the sicklerôs problem and there is the need to correct this 

defect and enhance the haemoglobin affinity to absorb oxygen to reduce the 

patient's physiological problems ([5], [8], [13], [15] & [22]). However, bone 

marrow transplantation, an expensive, high-risk medical procedure, remains the 

only known cure for this disease ([21]). 

In the modern times, several optical methods are developed to measure 

haemoglobin concentration of oxygen saturation and principal dyshaemoglobins 

in vitro and in vivo. Amongst these methods are pulse oximeters, fiber optic 

oximeter ,multiwavelengths haemoglobin photometers(co-oximeters) and infrared 

spectroscopy kind of equipment([2]&[23]) . 

The oxygen dissociation curve (ODC) of haemoglobin (Hb) and the Bohr 

effect associated with the of ODC because of the shift of the curve to the right as 
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PH decreases has profound clinical importance, as it is being applied in numerous 

health and disease situations .Areas of applications ODC are in the    neonatal 

period, haemoglobinopathies such as sickle cell disease and so on ([15-17]). The 

ODC is sigmoid in shape with unique properties, that oxygen saturation (SaO2) 

approaches a horizontal asymptote as the oxygen tension exceeds 70 mmHg, 

while it declines precipitously down the steep slope toward a point of inflexion 

when the oxygen tension falls off the ñshoulderò of the ODC below  60 

mmHg(see[7]).     

In this paper, we intend to study the blood pressure of the sickler using 

oxygen-haemoglobin pair; determine the absorption potential (range of 

absorption) of oxygen by the haemoglobin or the best concentration of oxygen in 

the haemoglobin if the patient is to be on life supporting drugs like nitric oxide 

providing drugs ([22]). 

 

2. STATEMENT OF THE PROBLEM AND METHODS 

  2.1 The Model 

We propose that the partial pressure exerted by the oxygen on the 

haemoglobin of the patient is of the form 

    glCKHCHP =),(        (1) 

where H is the concentration of the haemoglobin in the blood plasma; C is the 

concentration of oxygen in the blood plasma; K is non-dimensional constant 

which can be obtained experimentally; ml  and  are some dimensional constants 

and by simple dimensional analysis we can show that .1 and 3/1 == ml
 

We consider the oxygenation of a haemoglobin( Hb) molecule as four 

sequential steps, given that each of the four heme groups within the two a-globin 

and two b-globin chains binds to a molecule of oxygen(O2) (see[7]) for detail 

formulation. The reaction process is formulated in the figure 1 below: 

 

   

 

 

Figure 1 oxygeneration of Hb by O2.   Source [5] 

8

6

3

4

2

4

26

24

2

22

1

2

HbO

HbO

HbO

HbO

k
OHbO

k
OHbO

k
OHbO

k
OHb

ª

ª

ª

ª

+

+

+

+

 



 

136 

Proceedings of the Second International  Seminar on Theoretical Physics & National 

Development, July 5 - 8, 2009, Abuja, Nigeria 

 

where ki ,i=1,2é4 in Figure 1 are association constants ,by Hillôs mass action law 

(see [5]&[13]) 

n

Hbo

n

Hbo

Hbo
ok

ok

Hb

Hbo
S

][1

][

][

][

2

22

2

2

2 +
==   

2HboS  the saturation 2Hbo ; 
2Hbok  the net association constant of  2 Hbo  

,n  is the Hill coefficient  and 

.
)n(haemoglobi Total

)obin(oxyhaemogl Total
(%)  2

2 Hb

Hbo
SHbo =+   , [.] is the concentration of (.). 

 The actual data on human Hb is 
166 104.19.2 and 101.10.2

2

--- ³°³°= mSao  for 

lyrespectiven haemoglobi of )chain( - and )chain( ba ba kk- ([7]). 

 

2.2   B-Transform 

The B-transform of the function )(tx  with impulses at fixed 

moments ,..2,1},{ =ktk  during the evolutionary process is [1, 8, 10 &11] 

(q)x  +  (q)x  =  x(t)B 1cn
/

                                                   (2)  

where xc(q) and xI(q) are the Ic LL  and components of the B-transform and are 

defined as 

0,1,2,...  =  k,t  tx(t)dt,e   =  x(t)L  =  (q)x k
qt/-

0

cc

n

¸ñ
¤

/

                    

(3) 

))tI(x(t 
ke  =  x(t)L  =  (q)x

q/t-

t<t<t

11

n1

k

ko

=ä
                         

(4) 

where 

nô
 
= 0, 1, 2,... n; nô  is  the order of the transform.  For sake of simplicity, we will 

choose n
/ 
 = 1.  The advantage of taking nô= 1 lies in the derivation of the inverse 

transform. 

The inverse transform for components of xc(q) and xI(q) can be obtained 

(see [8,10 & 11]) as follows: 
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In ([8]&[13]),using B-transform method we obtained the pressure the sickle red 

blood cell exerted on the blood vessels of the sickle cell patient as  

               )x,(fe  +r)x,g(Aex4+

)u,,P,rP(ex - (r)Pe  =  x)P(r,

ko
xk2-

x<x<x

xr2-22
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o
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ko

ap

rpd

pp

pp

ä,0    (6) 

where 

  u
D

x
C2 = )u,x,,PP( 2

mfno rr                                                  (7)   

Cf = Coefficient of friction;  D = Diameter of the vessel 

2

mu = Mean square velocity of the blood plasma 

 

a 

Figure 2: Normal Cell and Sickle red blood cell 
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)1(00

rxeAA --=  is the area cut-off as a result of sickle shape of the blood cell. 

g )(),,( 0

20
0 rAex

dr

xdA
rxA rx-== is the Arial potential of the sickle red blood cell. 

r is the radius of the sickle red blood cell; ɟ is the density of the blood 

x is the movement of the blood along the  x-axis  

It will be recalled (see [8]), that we stated that xk - xk+1 =  f0(Ŭ, xk), k = 0, 1, 

2,... and xk depends on the surface density Ŭ and  f0(Ŭ, xk) is a piecewise 

continuous function.  It was also noted that xk is, in fact, impulsive because of 

vibration and variation effect of the texture of the composition of the surface of 

the sickle blood cell. 

 

 

 

 

 

 

 

 

 

 

 

 

 

In figure 3 we try to replicate a typical sickle cell erythrocyte by a means 

of simulation. The simulation is carried out by finding the equation that describes 

the area cut-off from the normal red blood cell as a result of sickle shape of the 

blood cell. We observed that as the thickness of the each parabola in figure 1 

increases we have something that is similar to typical sickle red blood cells. 

 

Figure 3: Typical sickle cell aneamia blood 

cells as simulated by some functions 
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1.2 Oxygen-haemoglobin model (OHM) 

    Consider the Oxygen- haemoglobin model which is an impulsive Hill-Fokker-

Planck equation 
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Remark 1 

0, 1=kk  The equation is the Fokker-Planck equation and HC accounts for the 

mass-action for the oxygen and haemoglobin respectively. The equilibrium state 

for the model can be found by setting constant),( and 0,0 1 =D=
µ

µ
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µ
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+ xtC

t

C

t
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for fixed x  in the equation (8). 

Therefore     
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 Set 4=n  ,v0 = - 0.25,  k2=0.5,k 1=0.08,D=  0.008 and 
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and the solution is  
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where C1 and C2 are arbitrary constants. 
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Therefore 0
)(

lim,0)1( ==
¤­ dz

zdF
F

z
 which implies that C2 =0 and C1 =0.And 

therefore F(z)=0 which implies that z=1 or infinity. It follows that the equilibrium 

point is such that constants),( and 0,0 1 =D== + xtCCH k  
and for C to be at 

infinity is not realistic. 
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2.3 Formulation of Optimization problem for the Oxygen 
Haemoglobin model 

We intend to find the optimal concentration for the oxygen to be absorbed by the 

haemoglobin for the sickle cell patient for effective physiological processes. In 

other to achieve this we use the Lagrange multiplier method as follows: 
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),( subject to),,(),(),(min 3
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We define the Lagrange equation as 
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2.4  Maximum Entropy Weights 

We define  Le  as a negative entropy function 
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position to find the weight to minimize Le as follows: 
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Let nihi ,...1, = are the concentration of haemoglobin at moment i  and 

 Define the Langrage function  for the above problem as  
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3. RESULTS AND DISCUSSIONS 

Using Maple 11 for Lagrange equation we obtained sufficient condition for 

extremum as 
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It implies that 
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The first equation in equation (16) has n-roots by fundamental theorem of algebra 

and some of the roots are real and others occur in complex conjugate .To find the 

solution in general, it is intractable but using Galois theory the solution can be 

found using radical expression or we find the numerical approximation to the 

roots. We simulated the model for 16104.2 and 4 --³== mkn   found that  

.1 Where.01967.0996.0 and 01967.09996.0,02007.1,9807000.0 2

4321 -=-=+=== iii llll  

Therefore  3 5000.0),(min -= mCL l  this is the minimum concentration of 

oxygen required to be absorbed by Hb for effectively performance of the body. 
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Proposition 1  

Give that nihi ,...1, =  are non-negative concentrations of haemoglobin at the 

period i such that the weight wi are such that 1|| ¢iw .Then 

ä ++¢
n

i nnhL
1

)1(|)ln(|2||  and it is unbounded above as ¤­n  . 

Proof 

Straight forward by estimating (majorizing) L and taking note 

that )1(
2

||
1

n
n

w
n

i +¢ä . 

Remark 1 

The clinical implication of proposition 1 is that we cannot say much about the 

concentrations of haemoglobin as the coupling size n becomes large whether the 

maximum or minimum concentration exist using entropy objective function 

.Therefore, it is advisable to rely on the concentration of oxygen in the blood 

plasma as obtained from the analysis of the equations (15&16).   
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3.2 Application of B-Transform 

We assume that the solution of the equation (6) exists and continuously depend on 

the initial data (see [12],[18-19]) then the B-transform can be applied to Oxygen-

haemoglobin pair model as follows: 

Equation (8) becomes 
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Applying B-Transform we have 
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Therefore application of B-Transform to the equation (17) gives 
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Therefore, taking the inverse B-Transform of equation (18) and after simplifying 

the equation we get 
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We can use equation (1) to find the relation between as ),( and ),( xtpxtH  
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0 if 1
  where

x
dqqeu(x) xq   

In order to determine ),( xtH completely we need to solve the integral equation in 

the equation (20) completely. 

The following theorem shows how the concentration of Oxygen changes with that 

of heamoglobin: 

Theorem 1 

The haemoglobin of sickle cell aneamia patient will have maximum potential 

absorption if there exists a 0* >c   such that 
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Proof 

By differentiating the equation (20) twice with respect to C we get 
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By simple rule in calculus the proof follows immediately but we must note that if 

n

k

1

)
1

1(c* -=  we have point of inflexion for which we cannot infer whether the 

absorption is maximum or minimum. 
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Abstract 

Magneto-optic effects in transparent dielectric materials embedded with 

ferromagnetic nanoparticles have been investigated through simulation of a 

nonlinear wave equation. The possibility of generation of harmonics due to 

magnetic saturation in ferromagnetic nanoparticles was studied. A simplified 

nonlinear spring-mass system model that accounts for magnetic saturation and 

harmonic generation is presented. The simplified model is analyzed using the 

finite element and finite difference methods and results are compared with data 

from simulation studies.  

1. INTRODUCTION 

Nonlinear optical effects occur due to the nonlinearity of constitutive 

relationships [1] in Maxwellôs equations:( )D E Ee=  and ( )B H Hm=  Nonlinear 

effects due to nonlinearity of the constitutive relation for the electric field have 

been demonstrated through harmonic generation experiments. In particular 

Franken et al [2] demonstrated the generation of ultraviolet light by passing a 
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ruby laser beam through a quartz crystal. However due to difficulties in 

manufacturing high frequency ferromagnetic materials nonlinear optical effects 

occurring due to the nonlinearity of the magnetic field, constitutive relationship 

have not been extensively studied. Recently the nonlinearity of ferromagnetic 

resonances was used to generate second and higher harmonics in the microwave 

region of the electromagnetic spectrum [3].  

With the maturation of nanotechnology it has now become feasible to 

manufacture high frequency ferromagnetic materials. This paper considers the 

generation of second and higher harmonics due to nonlinear magnetic effects 

resulting from embedding ferromagnetic nanoparticles in a transparent dielectric 

matrix.  

2. RESULTS 

The Maxwellôs equations are for electromagnetic wave propagation in linear 

media. However the linear wave equations are only valid at low field values. At 

high field values, the relative permeability is not constant but decreases 

monotonically until the free space value is reached. The decrease in relative 

permeability with increasing magnetic field value is due to the alignment of 

magnetic domains. When all magnetic domains have been aligned the 

permeability cannot increase any further resulting in a constant permeability for 

very large field values. This effect is modeled by the nonlinear wave equation (2). 

The nonlinear wave equation can be numerically solved using a finite 

difference approximation scheme. First the partial derivatives are approximated 

by finite difference approximations. These approximations are then substituted in 

the nonlinear wave equation resulting in a difference equation that expresses the 

field at any time t and location (x,y) in terms of the field values at previous times 

(4). 
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The results of the finite difference approximation simulation are shown below. 
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Figure 2: shows a contour plot of linear mode shown in figure 1 
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 Figure 1: shows a normal mode for the linear wave equation.  The 

solution was obtained by finite element method with triangular 

elements over a rectangular domain. 
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In order to obtain an analytic solution for model validation, we model the 

nonlinear saturation behavior in terms of a nonlinear mass-spring system model 

for the electron response. 

 

Equation (5) can be solved using a singular perturbation method approximation. 

To this end, we assume the electron displacement x(t) due to the electromagnetic 

wave to be of the form: 

       
2 3

0 1 2 3( ) ( ) ( ) ( ) ( )... (6)x t x t x t x t x te e e= + + +  

cos( ) (5)e e mm x x kx q E tg w=- - +

 

Figure 3: Shows variation of the magnetic field with position after 

100 iterations for the  the nonlinear wave equation. The solution 

was obtained using a finite difference approximation scheme. 

 


